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ABSTRACT 
Wheeled mobile robots moving on uneven terrain are attracting interest at an 
impressive pace. In the work reported here two distinct architectures of two-wheeled 
mobile robots are proposed. 
The first architecture, corresponding to the case where the two wheels linked by 
a frame lie in a vertical plane, constitutes the material of our earlier research and is 
laid out in the appendix. The system being unilaterally constrained by the environ-
ment, slipping or losing contact with the ground can occasionally occur. Therefore, 
nine distinct topologies are identified and accounted for in the model describing aIl 
the possible motion modes of the system. The mathematical model is formulated 
using the Natural Orthogonal Complement (NOC) and takes into account the terrain 
geometry. Additionally, the model includes necessary conditions for the switching 
between the distinct topologies. 
The second architecture pertains to an Anti-Tilting Outdoor Mobile robot, 
ATOM, composed of two spherical wheels and a cylindrical central body. The spher-
ical shape of the wheels allows the robot to restore its posture after flipping over, 
thus giving it the anti-tilting property. Moreover, this particular shape ensures pure-
rolling motion on uneven terrain without resorting to any adaptive structure; i.e., 
without increasing the complexity of the system. Here, also, the mathematical model 
is developed using the NOC, while taking into account the terrain geometry. More-
over, constraints on the terrain curvatures are derived in order tu ensure pure rolling. 
Although the design of ATOM is simple, this brings about new challenges in terms of 
v 
control. According to its structure, ATOM pertains to the class of Mobile Wheeled 
Pendulums (MWP). A feature common to MWPs, that is not encountered in other 
wheeled robots, is that their central body, which constitutes the platform of the 
robot, can rotate about the wheel axis. Therefore, aside the nonholonomy aspects 
encountered in conventional wheeled robots, the central body stabilization problem 
is pointed out here and rigorously treated in order to avoid unstable zero-dynamics. 
For that, an intrinsic dynamical property, referred to as the natural behaviour of 
the system, is brought forward and employed to control the heading velocity of the 
robot using the inclination of the central body. Moreover, a particular selection of 
the generalized coordinates and the system outputs allows a global stabilization of 
the system without resorting to any linearization. Furthermore, a posture control 
(preceded by a velocity and orientation control) is proposed based on sliding mode 
and Lyapunov function for navigation. Finally, the robust aspect of the controller 
is underlined by showing the control behaviour versus an overjunder estimation of 
system parameters. 
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RÉSUMÉ 
Les robots mobiles à roues se déplaçant sur un terrain irrégulier attirent de 
l'intérêt à vive allure. Dans le présent travail deux architectures distinctes de robots 
mobiles à deux roues sont proposées. 
La première architecture, correspondant au cas où les deux roues liées par un 
cadre se trouvent dans le même plan vertical, porte sur notre travail de recherche 
préliminaire et se trouve en annexe. Le système étant soumis à des contraintes 
unilatérales par l'environnement, le glissement des roues ou leur séparation du sol 
peut avoir lieu occasionnellement. Ainsi, neuf topologies distinctes sont identifiées 
et representées dans le modèle décrivant tous les modes de mouvement possibles du 
système. Le modèle mathématique est élaboré en utilisant le Complément Orthogo-
nal Naturel, tout en tenant compte de la géométrie du terrain. En outre, le modèle 
inclut les conditions nécessaires de commutation entre les différentes topologies. 
La deuxième architecture appartient au robot ATOM, "Anti-Tilting Outdoor 
Mobile robot" , composé de deux roues sphériques et d'un corps central cylindrique. 
La forme sphérique des roues permet au robot de restituer sa posture après avoir 
été renversé, lui donnant ainsi la propriété d'anti-basculement. De plus, cette forme 
particulière assure un mouvement de rotation pure sur un terrain irrégulier saI).S 
avoir recours à aucune structure adaptative, soit, sans augmenter la complexité du 
système. Là aussi le modèle mathématique est developpé avec le complément orthog-
onal naturel et tient compte de la géométrie du terrain. En outre, les contraintes 
au niveau des courbures du terrain sont obtenues afin d'assurer un mouvement de 
vii 
rotation pure. Quoique le design d'ATOM soit simple, de nouveaux défis au niveau 
de la commande sont soulevés. De part sa structure ATOM appartient à la classe de 
Pendules Mobiles à Roues (PMR). Une caractéristique commune aux PMR, qui est 
absente dans le cas d'autres robots à roues, réside dans le fait que le corps central, qui 
constitue la plate-forme du robot, peut tourner autour de l'axe des roues. Ainsi, mis 
à part les aspects de la non-holonomie rencontrés dans les robots à roues convention-
nels, le problème de la stabilisation du corps central est soulevé ici et rigoureusement 
traité afin d'éviter le comportement dynamique dit des zéros instables. Pour cela, 
une propriété dynamique intrinsèque, appelé le comportement naturel du système, 
est mise en relief et employée afin de réguler la vitesse d'avancement du robot à 
partir de l'inclinaison du corps central. De plus, une sélection particulière des coor-
données généralisées et des sorties du système permet une stabilisation globale du 
système sans avoir recours à aucune linéarisation. En outre, une commande de pos-
ture (précédé par une commande de vitesse et d'orientation) est proposé en faisant 
appel au mode de glissement et à l'utilisation d'une fonction de Lyapunov pour la 
navigation. Finalement, l'aspect robuste du système d'asservissement est souligné, 
tout en montrant le comportement de la commande versus une sur/sous-estimation 
des paramètres du système. 
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CLAIM OF ORIGINALITY 
The originality of the ideas reported in this thesis hinges on various items, as 
listed below 
- Novel Aspects of Design 
The use of spherical wheels that: 
- ensure pure-rolling motion of the robot on uneven terrain without adding 
extra degrees of freedom for the robot-terrain adaptability; 
- render the robot anti-tilting, i.e., allow it to restore its posture after flip-
ping over; 
- and permit the introduction of the pit ch surface, thus bringing novel ele-
ments to the mechanical design. 
- Novel Aspects of Modelling 
The parametric formulation of the mathematical model-kinematics and dynamics-
that takes into account the terrain geometry. 
- New Control Approaches 
- Control of a MWP-c1ass robot moving on an inc1ined plane rather than a 
horizontal plane. 
- Global stabilization of the unstable zero-dynamics of the MWP-dass robots 
in parallel with the posture control. 
.' IX 
- Analysis of an intrinsic dynamical property of a MWP-class robot, that is 
referred to as the natural behaviour of the system, is carried out by using 
similarity with a simpler pendulum system. 
- Particular selection of the system output functions, that permits a global 
linearization and stabilization of the system. 
x 
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CHAPTER 1 
Introduction 
1.1 Motivation and Literature Survey 
Wheeled mobile robots (WMR) moving on uneven terrain are currently attract-
ing increased interest worldwide. Many types of applications can be cited: planetary 
exploration and mapping of unknown environments; rescue in mining or earthquake 
disasters; maintenance of nuclear power plants; exploration of volcanic environments; 
surveying of agricultural fields; and various other outdoor applications. 
A feature common to outdoor robots is their adaptability to the terrain. While 
for WMR on fiat terrain pure-rolling motion can easily be insured, this is not the 
case wh en a robot moves on rough terrain. In fact, it is weIl documented in the 
literature (Waldron, 1995) that on uneven terrain, there is no unique axis of vehicle 
rotation that is compatible with aIl wheel contact points. Thus, a lateral slipping (or 
skidding) component is present in every pair of wheels on the same axis on any but 
fiat terrain. This should not occur because slipping leads to power loss, which can 
be critical in applications such as planetary exploration, and to errors in position 
sensors and odometers that result in unsatisfactory or even unacceptable controlled 
motion. For that, distinct solutions have been proposed in order to adapt the robots 
to the terrain, aIl of them relying on the concept of an adaptive variable structure of 
the robot, namely, (i) the insertion of the accommodation degrees of freedom; (ii) the 
introduction of variable length axles (VLA); and (iii) the use of torus shaped wheels 
1 
combined with a lateral tilt capability. 
The notions of piloting and accommodation degrees of freedom (d.o.f. ) were 
introduced in (Waldron, 1995). The piloting degrees of freedom, used to guide the 
robot on the terrain, are the two translations in the plane tangent to the terrain sur-
face and the rotation about the normal to that plane. The accommodation degrees 
of freedom, used to adapt the robot to the terrain irregularities, are the translation 
normal to the tangent plane and the two rotations in that plane parallel to the robot 
longitudinal and lateral axes. Designs for outdoor robots benefiting of the accommo-
dation degrees of freedom can be found in the literature, among which we can cite: 
the wheeled actively articulated vehicle, WAAV (Sreenivasan and Waldron, 1996), 
the Sojourner, the Mars rover (Bickler, 1998), and the aH-terrain wheeled mobile 
robot (Tai, 2003). It should be pointed out that the slip-free motion objective was 
not accomplished in these cases. 
The variable length axle with continuous variations was considered in (Choi et 
al, 1999). The robot was composed of: two independent wheels, joined to a common 
unactuated VLA, and one unactuated steerable front wheel. Although the VLA 
mechanism was intended to eliminate lateral slipping, it has been shown that its 
performance deteriorates for high inclination and high speed. 
A third attempt to cope with the skidding problem consists in replacing the 
conventional disk wheels of a three-wheeled robot by torus shaped wheels that are 
connected to the robot platform by passive rotary joints allowing lateral tilting of the 
wheels (Chakrabortyand Chosal, 2003a, 2005b). Therefore, the proposed solution 
was a mixture of the use of a new wheel shape and the insertion of accommodation 
2 
d.oJ. 
In the work reported here we con si der an Anti-Tilting Outdoor Mobile robot, 
ATOM, undergoing pure-rolling motion on uneven terrain. The robot is composed of 
three rigid bodies: the central body, a cylinder carrying measurement instruments, 
control hardware, and two independently driven spherical wheels,'rotating about the 
central body, controlled by two motors attached to the central body, as shown in 
Fig. 1-1. The centre of mass of the central body is offset from its geometric cen-
Figure 1-1: A sketch of ATOM, an anti-tilting outdoor mobile robot 
tre, while the centres of mass of the wheels coincide with the centre of mass of the 
spheres, see Fig. 1-2. 
It is this original shape of the wheels that helps insure pure-rolling on non-fiat 
terrain, thus providing a simple solution to the non-slip motion problem encountered 
in outdoor robots, without resorting to any adaptive variable structure. Hence, the 
complexity of the robot structure is not increased. Moreover, the spherical shape of 
3 
Figure 1-2: Central body tilt around the central axle 
the wheels a110ws the robot to restore its posture after flipping over, thus rendering 
it anti-tilting. It should be noted that most of the outdoor robots cited ab ove , or 
elsewhere in the literature, lack this anti-tilting property. Therefore, the system be-
cornes non-operational if it flips over, which can be critical in applications where a 
human intervention-to redress the robot-is not possible. Furthermore, the use of 
spherical wheels, compared to disk or toroidal wheels, permits the definition of the 
pitch surface, which is the surface offset from the terrain surface and shifted by a 
constant length, the radius of the spheres (Struik, 1961; Kühnel, 2002). Therefore, 
the pitch surface constitutes the locus of the wheel centres wh en ATOM ro11s on 
the terrain, which brings interesting elements into the kinematics and the design. It 
should be added that at the earlier design stages, ATOM was composed of a central 
body and two hemispherical wheels, instead of the spherical wheels, as depicted in 
Fig. 1.2. We showcd that when the contact of one hemispherical wheel with the 
4 
ground occurs at the edge of that hemisphere, the centre of mass of the correspond-
ing wheels drops below the pitch surface. This, however, increases the complexity of 
the model; we thus decided to use spherical wheels. 
The parametric model of the system, including kinematics as weIl as dynamics, 
Figure 1-3: Earlier design of ATOM with hemispherical wheels 
is derived using the Natural Orthogonal Complement (NOC) (Angeles, 2007). The 
geometry of the terrain, which is modeIled as a warped, smooth, rigid surface, enters 
the dynamics of the model explicitly via the expressions of the normal vectors to 
the ground at the wheel contact points. A brief survey of previous work on outdoor 
robots modelling shows that in most of the cases restrictions have been made: (i) on 
the terrain geometry, i.e., although the robot is intended for outdoor applications the 
terrain is modelled as a fiat surface (Halme et al., 1996; Bendtsen et al., 2002), or (ii) 
on the development of the kinematics without its associated dynamics (Sreenivasan 
5 
and Waldron, 1996; Hougen et al., 2000; Spenko et al., 2002). Moreover, the para-
metric model is preferred over commercial software as in (Lacagnina et al., 2002), to 
allow for further development in design and control as will be shown below. 
Although the ATOM structure with two spherical wheels and a central body 
solves the non-skidding motion problem, this brings about new challenges in terms 
of the control. In fact, according to its structure, ATOM pertains to the class of 
Mobile Wheeled Pendulums (MWP). Many developments in the field of MWP have 
been reported recently: the US patent behind the Ginger and then the Segway Hu-
man Transporter projects (Kamen et al., 1999); JOE, a mobile inverted pendulum 
(Grasser et al., 2002); Quasimoro, a quasiholonomic mobile robot (Salerno and Ange-
les, 2004); and, more recently, uBot, a dynamically balancing two-wheeled platform 
(Deegan et al., 2006). A feature common to MWPs, that is not encountered in other 
wheeled robots, is that their central body, which constitutes the robot platform, can 
rotate about the wheel axis. This motion must be controlled, thereby leading to a 
new challenging problem for MWP, which is the stabilization of the central body, aside 
the classical problem due to nonholonomy. As for the nonholonomy, abundant liter-
ature can be found on classification, controllability and control. The list being too 
long, we cite here sorne of the relevant results: (i) structural properties and classifica-
tion (Campion et al., 1996); (ii) controllability and feedback-stabilization (Campion 
et al., 1990; De Luca and Oriolo, 1995; Samson and Ait-Abderrahim, 1999); (iii) 
piecewise smooth control (Canudas de Wit and Sordalen, 1992); (iv) discontinuous 
state-feedback (Astolfi, 1995); and (v) sliding-mode control (Guldner and Utkin, 
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1994; Chwa, 2004). Moreover, symmetry in mechanical systems, defined as the in-
variance of the Lagrangian of a system under the action of a subset of configuration 
variables, was brought forward recently (Olfati-Saber and Megretski, 1998; Olfati-
Saber, 2001) in or der to allow useful reduction and transformation of nonholonomic 
systems. Therefore, although an extensive bibliography has dealt with nonholonomy 
issues related to wheeled robots, the techniques reported therein cannot be applied 
to MWP directly, because they do not take into account the central body oscillation 
about the wheel axis. For example, any attempt to control the robot motion in a 
conventional input-output mode results in unstable zero-dynamics, which manifests 
itself in an undamped oscillatory motion of the central body. A first attempt to cope 
with this problem consists in the introduction of a friction torque between the cen-
tral body and the wheels (Salerno and Angeles, 2004); such friction damps naturally 
the oscillation and eliminates the serious issue of unstable zero-dynamics. As for 
JOE (Grasser et al., 2002), the control system is based on two decoupled state-space 
controllers: one controlling the stability around the lateral axis, a second one acting 
on the dynamics around the vertical axis. In uBot (Deegan et al., 2006), a classical 
linear quadratic regulator is employed to stabilize the inverted pendulum. It is note-
worthy that for these three robots a linearization of the mathematicalmodel around 
the equilibrium point is employed, which limits the performance of the controller to 
the neighborhood of that equilibrium point, a well-known fact about linearization. 
Moreover, the work do ne is limited to the control of the heading velo city and steering 
rate, posture control not being considered. Pathak et al., 2005, were the first to use 
the nonlinear mathematical model and to envisage posture control. Furthermore, 
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they attempt a solution to the problem of the unstable zero-dynamics by introduc-
ing a two-layer controller. However, the stabiliiation of the central body, ensured by 
the upper-layer, was achieved only locally, i.e., for inclination angles of the central 
body near zero, as conventional linearization is employed. Moreover, most of the 
work do ne in the field of MWP-class robots to date, including the references cited 
ab ove , considers robots moving on a horizontal plane. 
In the work reported here, we succeeded to control the posture of ATOM as 
it moves on an inclined plane. Posture control is achieved simultaneously with the 
stabilization of the central body. No restrictions on the central body inclination 
are imposed, thus rendering the control global and solving rigorously the unstable 
zero-dynamics problem. The control is accomplished by using a multi-Ioop feedback 
structure with: (i) the inner loop, based on input-output linearization that is re-
sponsible for the stabilization of the central body and the control of the steering 
rate; (ii) the intermediate loop, based on an intrinsic dynamic property referred to. 
as the natural behaviour of the system, that is responsible for the control of the head-
ing velo city; and (iii) the outer loop, based on sliding-mode control and Lyapunov 
functions for navigation, responsible for the posture control. It is noteworthy that 
after stabilizing the central body and controlling the heading and steering velocities, 
the system becomes equivalent to any car-like robot, thus allowing the application of 
conventional techniques for posture control cited ab ove. Therefore, the structure of 
the externalloop is based on the work reported in (Guldner and Utkin, 1994), with 
an additional improvement to ensure smooth entry into the sliding mode. Moreover, 
a particular selection of the system output functions in the inner loop is combined 
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with a convenient choice of generalized coordinat es , based on the Euler-Rodrigues 
parameters, as opposed to the Euler angles used in all the other references. We show 
that this combinat ion globally linearizes the dependence between the selected out-
put variables of the inner loop and the heading acceleration of the robot. It is this 
feature that makes the approacn outlined here more powerful than that of (Grasser 
et al., 2002; Salerno and Angeles, 2004; Pathak et al., 2005; Deegan et al., 2006), as 
it eliminates the need of applying local linearization, thus rendering our technique 
completely global and nonlinear. 
Furthermore, the control proposed here is preceded by the construction of the 
controllability Lie algebra associated with the system, based on the method intro-
duced in (Marino, 1986). General results on local accessibility, small-time local 
controllability and largest feedback-linearizable subsystem are obtained and may be 
applicable to any MWP-class robot. 
1.2 Thesis Contribution 
The main contributions reported in this thesis are conveniently grouped into: 
design, modelling and control. 
Design As stated ab ove, ATOM is a MWP-class robot composed of the 
central body and two spherical wheels. It is this specifie shape of the wheels that 
(Nasrallah et al., 2006a): 
- helps ensure pure-rolling motion of the robot on uneven terrain without adding 
extra degrees of freedom for the robot-terrain adaptability, and by the same 
token, without increasing the complexity of the robot structure; 
- renders the robot anti-tilting, i.e., able to recover its posture after flipping over; 
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- and permits the introduction of the pitch surface, thus bringing interesting 
elements to the kinematics and the design. 
Modelling The parametric model, including kinematics as weIl as dynamics, is 
derived explicitly using the natural orthogonal complement, and takes into account 
the terrain geometry, via the expressions of the unit vectors normal to the ground 
at the wheel contact points (Nasrallah et al., 2005a and b, 2006a). 
Control (Nasrallah et al., 2006b, c, d, e, and f) 
- Considering the control of a MWP-class robot moving on an inclined plane 
rather than a horizontal plane. 
- The unstable zero-dynamics problem which is typical of MWP-class robots is 
solved globaIly, without resorting to any linearization technique. This is done 
simultaneously with the posture control of the robot. 
- The analysis of an intrinsic dynamical property of a MWP-class robot, that 
is referred to as the natural behaviour of the system, is carried out by using 
similarity with a simpler pendulum system. This property permits one to find 
a direct relation between the heading acceleration of the robot and the central 
body inclination, which is used subsequently in the control. 
- The particular selection of the system output functions of the inner loop, per-
mits a global linearization, and by the same token, a rigorous stabilization of 
the system. 
It should be added that, aside the work done for ATOM, we reported previously 
(Nasrallah et al., 2004a,b) on the modelling of a two-wheeled robot moving on an 
uneven road profile, subject to unilateral constraints at the contact points. The robot 
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is composed of two disk wheels linked by a frame; wheels and frame lie in the same 
vertical plane, thereby forming a 2D-bicycle. Three phases are considered in the 
motion of the robot: the stance phase (SP), where both wheels are in contact with 
the ground; the flight phase (FP), where one of the wheels loses contact; and the 
full-flight phase (FFP), where both wheels separate from the ground. Moreover, two 
types of contact are considered: pure-rolling and slipping (here we mean by slipping 
the stàte under which the wheel rons and slips simultaneously, the "pure-slipping" 
case becoming thus a particular case of the slipping case). Altogether, nine distinct 
topologies are distinguished. The novelty of the work consists on the development of 
the mathematical model of the robot for the nine distinct topologies as weIl as the 
necessary conditions for topology-switching. A quick review of this work is available 
in the Appendix. The full modelling description is available in (Nasrallah et al., 
2004a, b). 
1.3 Thesis Overview 
In Chapter 2 we develop the mathematical model of ATOM using the Natural 
Orthogonal Complement (Angeles, 2007). We use the Euler-Rodrigues parameters 
to describe body-orientation because of their frame-invariance, as compared with 
Euler angles (Tandirci et al., 1994). Moreover, we discuss the particular case of the 
motion on an inclined plane. We also derive the constraints on the terrain geometry 
in terms of the principal curvatures and the robot geometric parameters, in or der to 
ensure pure-rolling. 
In Chapter 3 we study the controllability of MWP-class robots moving on an 
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inclined plane. For linear controllability we linearize the system around equilib-
rium and apply the Kalman controllability rank condition, which shows that the 
state-space system is not completely controllable. U sing similarity transformations 
(Antsaklis and Michel, 1997), we identify the noncontrollable states. For nonlinear 
controllability we start by reducing the state-space model and we construct the con-
trollability Lie algebra associated with the system, based on the method introduced 
in (Marino, 1986). Conclusions on local accessibility of the system, its small-time 
local controllability and the dimension of its largest feedback linearizable subsystem 
are derived and can be applicable to any MWP-class robot. 
In Chapter 4 we consider the control of MWP-class robots moving on an inclined 
plane. We propose two multi-Ioop control schemes for velo city and posture control 
of the robot while stabilizing simultaneously the central body. 
Finally, in Chapter 5 we conclu de with a summary of the thesis and we suggest 
subjects for future research. 
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CHAPTER 2 
Modelling of ATOM Moving on Uneven Terrain 
2.1 Introduction 
In this chapter we introduce a parametric model of an Anti-Tilting Outdoor 
Mobile robot, ATOM, moving on uneven terrain. The terrain is modelled as a 
warped, smooth, rigid surface. ATOM is composed of three rigid bodies: the central 
body, of a cylindrical shape, carrying instruments, control hardware, and two spher-
ical wheels rotating about the central body, as shown in Fig. 2-1. The centres of 
mass of the wheels are assumed, by design, to coincide with the geometric centres of 
the spheres, while the centre of mass of the central body is offset from its geometric 
centre. The system inputs are the two torques applied to the wheels. According to 
its structure, ATOM pertains to the class of Mobile Wheeled Pendulums, (MWP). 
The wheels are denoted bodies 1 and 2, while the central body is labelled body 3. 
The symbols used for the modelling are summarized in Table 2-1. 
2.2 Robot Modelling 
2.2.1 Definition of the Posture of the Three Rigid Bodies 
The pose of the ith body is given by: (i) the rotation matrix Qi representing the 
orientation of the body with respect to the inertial frame Fo, and (ii) the position 
vector Ci of its mass centre in Fo. 
In the case at hand, the Euler-Rodrigues parameters rand TO are used to describe 
the orientation of body 3 with respect to Fo. Therefore, the rotation matrix Q3 is 
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Figure 2-1: A sketch of ATOM, an anti-tilting outdoor mobile robot 
given by 
(2.1) 
where and 1 denotes the 3 x 3 identity matrix R is the cross-product matrix1 (CPM) 
of vector r. The Euler-Rodrigues parameters are recalled below: 
. cp cp 
r = e sm 2"' ro = cos 2" 
where e is the unit vector indicating the direction of the axis of rotation of Q3, 
and cp is the associated angle of rotation. Furthermore, U3, 1 and V3 are defined in 
Table 2-1. Moreover, the rotation of the i th wheel with respect to the central body is 
1 The CPM of a vector v E IR3 is defined, for every x E IR3 as weIl, as V 
CPM(v) = o(v x x)/ox 
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described by the relative angular displacement ()i3. Hence, the corresponding relative 
rotation matrix Qi3, for i = 1,2, is (Angeles, 2007) 
where L is the cross-product matrix of vector 1. 
b Distance between the wheel centres 
Ci Position vector of the centre of mass Ci of the ifli: body, i = 1,2,3 
Co Position vector of the geometric centre Co of the central body 
d Offset between the geometric centre and the centre of mass of the 
central body 
{i,j,k} Right-handed orthogonal triad describing the orientation of the 
inertial frame Fo 
1 Unit vector along the li ne of wheel centres, directed from Cl to C2 
me Mass of the central body 
mw Mass of each wheel 
ni Unit vector normal to the ground and the ifli: wheel at the contact 
point Pi, directed from Pi to C 
re Radius of the cylinder making up the central body 
rw Radius of each wheel 
ro, r The Euler-Rodrigues parameters describing the orientation of the 
central body 
{tLi, l, vd Right-handed orthogonal triad describing the orientation of the i th 
frame :fi attached to the i th body 
V3 Unit vector directed from C3 to Co 
le Inertia matrix of the central body about its mass centre 
Iw Inertia matrix of each wheel about its mass centre 
()i3 Relative angular displacement of the i tli wheel with respect to the 
central body 
Wi Angular velo city vector of the i th body 
Table 2-1: LIst of Symbols 
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Thus, the rotation matrix Qi is given by 
which is an invariant relation, valid in any frame, as long as an matrices involved are 
represented in the same frame (Angeles, 2007). However, Qi3 has a rather simple 
representation in a frame :Fi attached to the ith body. Thus, the rotation matrix Qi, 
expressed in :Fa, is 
(2.2) 
Henceforth, Qi will be represented in :Fa, for which reason, we use Qi without the 
indication of the frame. 
The position vector of the centre of mass C3 of the central body, in turn, is computed 
as 
(2.3) 
the position vectors of the centres of mass Cl and C2 of wheels 1 and 2 being given 
by 
Cl = Co - (b/2)1 
C2 = Co + (b/2)1 
(2.4) 
Thus, the posture of the system can be described uniquely and unambiguously by a 
9-dimensional vector q of generalized coordinates, defined as 
(2.5) 
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2.2.2 Computation of the Twists of the Three Rigid Bodies 
The twist t i of the i th body is the six-dimensional vector given by: 
The cross-product matrix n 3 , associated with the angular-velocity vector of the 
central body W3, is computed as (Angeles, 2007) 
Hence, the expression for W3 iS2 
W3 = vect(n3 ) = 2rof - 2ror + 2Rf (2.6) 
where we have used the identity (Angeles, 2007) 
while the angular velo city vector of the i th wheel is 
(2:7) 
For further computations it is convenient to decompose W3 into two orthogonal com-
ponents, one along and one normal to the line of centres, whose direction is denoted 
2 The axial vector vect(A) of a 3 x 3 matrix A is defined as a E IR3 such that, for 
every xE rn,3,(lj2)(A - AT)x = a x x 
17 
by the unit vector 1, i.e., 
(2.8) 
with 
(2.9) 
Since {U3, 1, V3} is the orthogonal triad attached to the central body, describing its 
orientation in Fo, 
U3 = W3 X U3 
i = W3 X 1 
V3 = W3 X V3 
(2.10) 
Differentiating eqs. (2.3) and (2.4) with respect to time, while using eq. (2.10), yields 
the velocity of C3 : 
and the velocities of the centres of the wheels: 
è1 = èo - (b/2)W3 X 1 
è2 = èo + (b/2)W3 X 1 
(2.11) 
(2.12a) 
(2.12b) 
Moreover, under the pure-rolling assumption, the velo city of the centre of mass of 
the ith wheel is also written as 
(2.13) 
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2.2.3 Computation of Wu 
Subtracting eq. (2.12a) from eq. (2.12b) sidewise leads to 
Substituting eqs. (2.7) and (2.13) into eq. (2.14) yields, in turn, 
Replacing W3 by its orthogonal components, we obtain 
Solving eq. (2.15) for Wu, with the aid of eq. (2.9), yields 
2.2.4 The Kinematic Constraints 
Adding eqs. (2.12a & b) sidewise, the velocity of Co is computed as 
(2.14) 
(2.16a) 
(2.16b) 
Moreover, by definition, the Euler-Rodrigues parameters satisfy the constraint 
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which, after differentiation with respect to time leads to 
. T· 0 roro + r r = 
Solving for r and ra from eq. (2.6), using eq. (2.18), yields 
r = (1/2) (roI - R) W3 
ra = -(1/2)rTw3 
(2.18) 
(2.19) 
Casting eqs. (2.17) and (2.19) in matrix form, the 7 x 9 constraint matrix A has the 
form: 
with 
1 
al=-
2D 
1 
a2=-
2D 
-rw (nI X n2 -ITnll X (nI +n2) +DI x nI) 
-(roI - R)(nl - IT nll) 
rT(nl - IT nll) 
-rw (nI X n2 + ITn2 1 x (nI + n2) + Dl x n2) 
-(roI - R)( -n2 + IT n21) 
r T ( -n2 + IT n21) 
I 
[ a3 8.4 as 1 = '03 
Or 
-2rwnl x n2 + bl x (nI + n2) 
[ a6 a7 a8 ] = ~ Dl - (roI - R)(nl - n2 + (b/rw)l) IT(rol + R) 
rT(nl - n2 + (b/rw)l) 
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1 
ag = D (rol - R)(nl - n2 + (b/rw)l) IT r 
D - rT(nl - n2 + (b/rw)l) 
where 0 3 denotes the 3 x 3 zero matrix. Rence, the kinematic constraints can be 
written as 
While A is a 7 x 9 matrix, one can show that its rank is six, due to the linear 
dependence of the time rate-of-change of the Euler-Rodrigues parameters. Therefore, 
the total number of independent kinematic constraints is six. Let n be the degree 
of freedom of the system, where n = dim(q) = 9, and p the number of independent 
kinematic constraints, i.e., p = 6, the mobility of the system m thus reducing to 
m = n - p = 3, which is nothing but the dimension of the vector of independent 
velocities. 
2.2.5 Computation of the Unit Normal Vector ni 
Since the robot is moving on uneven terrain, defined as a surface P, the centres 
of wheels 1 and 2 move on the pitch-surface3 C, which is offset from P and shifted 
upwards by a constant distance rw , the radius of the wheels (Struik, 1961; Kühnel, 
2002). Thus, each contact point Pi of the i th wheel with the terrain maps uniquely 
3 We borrow the term from the geometry of planar and spherical cams, where 
the pitch-curve is traced by the centre or, correspondingly, the axis of the roller 
(Gonzalez-Palacios and Angeles, 1993) 
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into the centre Ci of that wheel in the pit ch-surface , so that 
(2.20) 
where Ci and Pi are the position vectors of Ci and Pi, respectively. In the case at 
hand, P is a regular surface defined as 
C: {(x,y,z) 1 z = f(x,y)} (2.21) 
The unit normal vector ni at the wheel centre Ci E C is computed as 
(2.22) 
1 
where 
2.2.6 Modelling of the Wheel-Ground Contact 
The centres of the wheels moving on C means that Ci, as defined in eq. (2.4), 
must satisfy eq. (2.22) for i = 1,2, thereby leading to the two-dimensional constraint 
equation 
(2.23) 
where O2 denotes the two-dimensional zero vector. Differentiation of both si des of 
eq. (2.23) with respect to time leads to 
ah . ah. ah. 
- Ca = -- r - - ra 
BCa Br Bra 
(2.24) 
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It should be pointed out that eq. (2.24) is nothing but the projection of Co, as 
given byeq. (2.17), onto vectors nI and n2, respectively, this equation thus not adding 
any further independent constraints to the system. This should be expected, since the 
kinematics developed above took into account eqs. (2.12) and (2.13) simultaneously, 
which represent the wheel-centre velocities derived from: (i) the robot geometry and 
(ii) the terrain. 
2.2.7 Computation of the Twist-Shaping Matrices 
Within the methodology of the Noe the fwisf-shaping matrices relate the twist 
of each of the rigid bodies of the robot with the vector of independent velocities 
(Angeles, 2007). Thus, the twist t i of the i th body can be expressed as the product 
of its twist-shaping matrix Ti by the vector of independent velocities v, namely, 
(2.25) 
In the case at hand, the components of v are ih3' iJ23 and W31, the two rates of the 
relative angular displacements of the wheels 1 and 2 with respect to the central body 
and the projection of W3 onto the line of centres, respectively, i.e., 
v = [013 023 W31 r 
Hence, 
-n2 + (IT n2)1 
rw[nl x n2 + (IT n2)1 x nI] 
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(2.26) 
nI - n2 + (b/rw)l ] 
r w nI x n2 + b 1 x nI 
(2.27a) 
where 
-n2 + (b/rw + lT nl)l 
(b + rwlTnl)l x n2 
nI - n2 + (b/rw)l ] 
r w nI x n2 + b 1 x n2 
(2.27b) 
(2.27c) 
T 3U = ~ [ nI - (lT nl)l -n2 + (lT n2)l nI - n2 + (b/rw)l 1 (2.27d) 
T 1 T 3L =-D 
(b/2 - rwlTn2)(l x nIf + d(lTnl ur + (V3 x nl)T) 
(b/2)(l x n2)T + rw(nl x n2 + lT n2l x nIf - d(lT n2 U3 + V3 x n2)T 
(b/2)(l x (nI + n2)f + rw(nl x n2f + d(V3 x (nI - n2))T - (bd/rw)ur 
(2.27e) 
where we have displayed TrL instead for economy of space. 
2.2.8 Dynamics 
The dynamics model is derived using the NOC, which yields, 
I(q)v = -C(q, v)v + T(q) + 1'(q) (2.28) 
where 1 is the 3 x 3 generalized inertia matrix, C is the 3 x 3 matrix coefficient of 
the Coriolis and centrifugaI force terms, and the three-dimensional vectors T and 
l' contain the generalized active and gravit y forces, respectively. The matrices and 
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vectors in eq. (2.28) are given in terms of the twist-shaping matrices as 
(2.29a) 
i=l 
(2.29b) 
i=l 
(2.29c) 
i=l 
3 
,= :LTTw; (2.29d) 
i=l 
where Mi is the 6 x 6 mass dyad of the i th body, while wf and wf represent the 
actuator and gravit y wrenches, respectively. 
The mass dyad of the wheels and the central body are given by 
The inertia matrices of the wheels and the central body about their mass centres, in 
the body-fixed coordinates defined above, are, 
lwu 0 o leu 0 0 
o lwl 0 
o o 0 lev 
The two principal moments of inertia of the i th wheel corresponding ta the principal 
axes parallel ta Ui and Vi are equal, and differ from the principal moment of inertia 
corresponding ta the principal axis parallel ta 1, due ta the transmission mechanism 
of the wheels. As for the central body, the principal axes of inertia about Co are 
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parallel to vectors U3, 1 and V3. Additionally, the centre of mass C3 and Co lie on 
one principal axis of inertia. Therefore, the principal axes of inertia of the central 
body about C3 are also parallel to vectors4 U3, 1 and V3. 
The wrenches acting on the wheels and on the central body, with the force applied 
at their centres of mass, are given, in turn, by 
(2.30) 
while the gravit y wrench of the ith body is given by: 
(2.31) 
where mi is the mass of the i th body; i = w for the wheels and i = c for the central 
body, with 9 denoting the gravit y acceleration. 
Moreover, W i is the angular-velocity dyad of the ith body, Le., the 6 x 6 array defined 
as 
with ni defined as the cross-product matrix of the angular velo city vector Wi and 0 
denoting the 3 x 3 zero-matrix. 
4 The inertia matrices I p and le share the same principal axes of inertia iff P and 
C, the centre of mass of the body, lie on one principal axis of inertia of le. This 
result is proven in Appendix B. 
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The computation of i\ requires i, U3 and V3, which were computed in eq. (2.10), 
besides nl and n2, obtained by time-differentiation of ni, as given in eq. (2.23), 
namely, 
where 
- fxxfx - fxyfy 
and 
82f 82f 82f J - f - J - and Dn = . /1 + fx2 + !y2 xx - 8x2' yy - 8y2' xy - 8x8y' V 
which are aIl bounded by virtue of the smoothness assumptions of P and C. 
2.3 Motion on an Inclined Plane 
2.3.1 Mathematical Model 
(2.32) 
o 
In this section we model ATOM moving on an inclined plane, that is a particular 
case of the general warped surface, to end up with its state-space representation. 
The reason behind this is that the controllability study and the design of controllers 
developed in Chapters 3 and 4, respectively, are based on the state-space model of 
the robot moving on an inclined plane. 
The pitch surface, as defined in eq. (2.22), becomes 
C:{(x,y,z)1 z=Ax+By+zo} 
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where A and B are constants, which results in some simplifications: 
Moreover, according to eq. (2.19), the component of W3 perpendicular to the line of 
centres is now aligned with the normal to the plane ll, i.e., 
where W3p is the robot steering rate, namely, 
(2.33) 
Thus, the angular velo city of the central body becomes 
By looking at the constraints to which the robot is subjected, the expressions for r 
and ra are given by 
r = (1/2)(ra1 - R)(W3p ll + W311) 
ra = -(1/2)(w3prT II + W31 rTl) 
while the velocity of Co is, in turn, 
where Vc is the robot heading velocity, namely, 
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(2.34) 
(2.35) 
(2.36) 
and vector h is defined as 
h = 1 x n 
The twist-shaping matrices in this particular case reduce to 
T 1 = 
[ (r w/b)n + 1 ~(r w/b)n 
":h] rw h 03 
T 2 = 
[ (r w/b)n -(rw/b)n + 1 r:h] 03 rw h 
T 3 = 
[ (rw/b)n -(rw/b)n rwh~dU, ] (rw/2)h + (rwd/b)v3 x n (rw/2)h - (rwd/b)v3 x n 
Using eq. (2.10), the time-rates of change of U3, 1 and V3 become: 
1 = -w3p h 
while 
. T 
V3 x n = W3p V3 - W3p n V3 n + W31 U3 x n 
The time-rates of change of the twist-shaping matrices are, in turn, 
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where 
and 
T3U = [ 03 03 -w3p h 1 
(rw/2)w3p IT + (rw d/ b) [W3p V§ - W3p(nTv3)nT + W3l(U3 x nf] 
T 3L = (rw/2)w3pIT - (rwd/b)[W3p V§ - W3p(nT V3)nT + W31(U3 x nf] 
rw w3p lT + dW3lV§ + dW3p(U3 x nf 
The generalized inertia matrix Il of wheel 1 becomes, moreover, 
o 
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T 
where symm reminds us that the matrix is symmetric, while 12 is 
mwrw h 
(rw/b)2Iwu symm 
-(rw/b)2Iwu (rw/b)2Iwu + lwl + mwr~ 
o 
As for the generalized inertia matrix 13 , for economy of space we start by displaying 
(rw/b)(lcnf mc(rw/2)hT + mc(rwd/ b)(V3 x n)T 
M3T 3 = -(rw/b)(lcnf mc(rw/2)hT - mc(rwd/b)(V3 x nf 
which leads to 
where 
13 = TfM3T 3 
mc(rw/2)2 + le 
mc(rw/2)2 - le mc(rw/2)2 + le 
symm 
le = (rw/b)2nTlcn + mc(rwd/b)2llv3 x nl1 2 
= (rw/b)2[(Icu + mcd2)hTv/ + Icv hTu/] 
If = mc(rwd/ 2)hT U3 
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T 
By defining 
la = 2 (rw/b)2 lwu + lwl + mwr; + mer;/4 
h = -2(rw/b)2Iwu + mer;/4 
the inertia matrix 1 becomes 
symm 
(2.37) 
It is worth noticing that le and If are posture-dependent, while la, h, le and Id are 
aIl constant. 
The contribution of wheel 1 to the Coriolis and centrifugaI terms is given by 
with 
Moreover, 
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The contribution of wheel 2 to the Coriolis and centrifugaI terms vanishing as well, 
for the same reason that the contribution of the first wheel vanishes. For the central 
body, matrix C 3 is 
with 
TfM3T 3 = Tf . . [ Ie
T 3u ] 
where 
meT 3L 
(rw/b)nT (rw/2)hT + (rwd/b)(V3 x nf 
-(rw/b)nT IeT 3u + me (rw/2)hT - (rwd/b)(V3 X nf T 3L 
= [ COll colz coh 1 
(rw/b)CaW31 
COll = -(rw/b)CaW31 + CbW3p , col2 = 
-(Ca - Cb)W3p 
-(rw/b)CaW31 - CbW3p 
(rw /b)CaW31 
(Ca - Cb)W3p 
(b/2rw)CbW31 + (Ca - Cb + Ce)W3p 
col3 = (b/2rw)CbW31 - (Ca - Cb + Ce )W3p 
(b/rw )CbW31 
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and 
Moreover, 
Ca = mc(rwd2 /b)hT U3 hT V3 
Cb = mc(r~d/b)hT V3 
CC = (rw/b)(Icu - Icv)hTu3 hTV3 
(rw/b)CcW31 -(rw/b)CcW31 0 
-(rw/b)CcW31 (rw/b)CcW31 0 
Finally, the matrix of Coriolis and centrifugaI forces of the whole robot is given by 
(r w / b) C dW31 
C = -(rw/b)CdW31 + CbW3p 
-(Cd - Cb)W3p 
with 
(r w / b ) C dW31 
(Cd - Cb)W3p 
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(b/2rw)CbW31 - (Cd - Cb)W3p 
(b/rw)CbW31 
(2.38) 
The generalized active force vector becomes 
_ TT A + TT A + TT A T - 1 W 1 2 W 2 3 W 3 
(rw/b)nT + IT 
-(rw/b)nT 
IT 
while the generalized gravit y force vector becomes 
T T G +TT G TT G ,= 1 W 1 2 W 2 + 3 W 3 
. hT rw 
1 (rw/b)(v3 x nfk 
= -(mw + mc/2)grw hTk 1 - mcgd -(rw/b)(v3 x nfk 
2 -u§k 
(2.39) 
(2.40) 
It is clear that the motion on a horizontal plane is a particular case of the motion 
on an inclined plane where n, the normal vector to the plane, coincides with k, the 
unit vector of the inertial frame :Fo pointing upward along the vertical. 
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2.3.2 State-Space Formulation 
Vectors q and v being defined in eqs. (2.5) and (2.26), respectively, we define 
the 12-dimensional state vector x as 
(2.41) 
The computation ofx requires the kinematic constraints-eqs. (2.34) and (2.35)-
and the robot dynamics, which implies the inversion of l, the generalized inertia 
matrix. By noticing that the first two diagonal entries of 1 are equal and the first 
two entries of the third row (or the third column) are equal as weIl, according with 
eq. (2.37), the computation of 1-1 becomes straightforward5 , leading to: 
where 
Fa + Fe + Ga -+ Ge 
5 Details are available in Appendix C 
36 
(2.42) 
-Ja + Je + Jd 
Ja + Je + Jd 
-Je 
(2.43) 
with 
Fa(ro, r, v) = Ja[-4CdW3pW31 + (2/rw)CbW3pVel 
Fb(rO, r, v) = (Je - Jb)(b/rw)Cb(W3p2 + W31 2) + Jb(b/rw)CdW3p2 
Fe(ro, r, v) = -Jd(b/rw)Cb(W3/ + W31 2) - Je(b/rw)CdW3/ 
Ga(rO, r) = -2Jamegd(rw/b)(v3 X nfk 
Gb(ro, r) = (Je - Jb)(2mw + me)grw hTk + Jbmegdufk 
Ge(ro, r) = -Jemegdufk - Jd(2mw + me)grwhTk 
Ja(ro, r) = (1/2)/(Ia - h + 21e) 
Jb(ro, r) = le/(Ield - 21/) 
Je(ro, r) = (Je - If )/(JJd - 21/) 
Jd(ro, r) = (Jd/2 - If )/(Jeld - 21/) 
2.4 Constraints on the Terrain 
In or der to limit model complexity, we assume that the geometry of the robot-
ground system allows for pure-rolling and for single-point contact. The constraints 
that the geometry of the terrain must satisfy in order to ensure a pure-rolling contact 
of the wheels with the ground are discussed here. Two situations must be avoided: 
(i) the wheel and the ground have more than one contact point and (ii) the central 
body touches the ground. Figure 2-2 illustrates these two situations. The constraints 
to be respected are formulated in terms of the terrain curvatures; the first subsection 
thus covers the curvature computation. 
2.4.1 Curvature Computation 
The symbols and indices used in this subsection to compute the terrain curva-
tures are different from those used for robot modelling. 
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(a) (b) 
Figure 2-2: Unfavourable contact conditions: (a) wheell has more than one contact 
point with the ground and (b) the central body touches the ground. 
Given a surface S defined as 
S: ((x,y,z) 1 z = f(x,y)} 
the position vector p of any point P E S is represented as 
x 
p(x,y) = y 
f(x,y) 
Each plane perpendicular to S at P, i.e. passing through the normal to S at 
point P, cuts the surface along a curve of curvature "'p at P. When the cutting 
plane is rotated about the normal, "'p varies, attaining one global minimum and one 
global maximum, "'min and "'max, respectively, known as the principal curvatures. 
The Gaussian and mean curvatures, K and Ft, respectively, are then defined as 
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where K has units of curvature-squared. 
The computation of the Gaussian and mean curvatures is done using the first 
and second fundamental forms, as introduced in (Struik, 1961). 
Differentiating vector p with respect to x and y respectively, yields 
1 0 
âp 
0 
âp 
1 Px=-= , py=-= âx ây 
fx fy 
The coefficients of the first fundamental form are given by 
Differentiating vectors Px and Py with respect to x and y yields, in turn, 
0 0 0 
âpx 
0 
âpy âpx 
0 
âpy 
0 Pxx = -- = Pxy = -- = -- = Pyy = -- = âx âx ây ây 
fxx fxy fyy 
where 
f âfx f - 8fx - 8fy f _ 8fy xx = âx' xy - 8y - 8x' yy - ây 
The coefficients of the second fundamental form are given by 
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where n denotes, here also, the unit normal vector to the surface S at point P, given 
as in eq. (2.23) by 
1 
Thus, the coefficients f3i, for i = 1 to 3, become 
f3 fxx f3 fxy d f3 fyy l=D' 2=D' an 3=D 
n n n 
The Gaussian and mean curvatures are then calculated as 
(2.44) 
(2.45) 
and the principal curvatures are derived as 
f'ï,min = R, - yi f'ï,2 - K, f'ï,max = R, + yi f'ï,2 - K (2.46) 
2.4.2 Curvature Constraints 
The first unfavourable condition occurs when the robot traverses a hole and one 
of its wheels touches the terrain at more than one point, as depicted in Fig. 2-3. 
The principal curvatures at a hole are both positive. The most constraining is the 
maximum curvature, because its inverse is nothing but the radius of the osculating 
sphere (Struik, 1961; Kühnel, 2002). Thus, in order to avoid this situation, the 
radius of the wheel T w must be smaller than the radius of the osculating sphere at 
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Figure 2-3: First constraint 
any point on the terrain, thereby leading to a constraint on the maximum curvature 
of the terrain given by 
1 
max{Kmax} :S -
rw 
(2.47) 
The second unfavourable condition occurs when the robot is at the top of a 
summit, as depicted in Fig. 2-4. The principal curvatures at a summit are both 
negative. The most constraining is the minimum curvature, whose inverse in absolute 
value is denoted by R. Three possibilities are considered: (i) for R = Re, i.e., R at 
its critical value, the terrain is tangent to the central body and to the wheels; (ii) for 
R = RI > Re, the central body touches the terrain while the wheels are flying; and 
(iii) for R = Rg < Re, both wheels are rolling and the central body does not come 
into contact with the terrain. By noticing that 0, Cl and Co form a right triangle, 
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the Pythagorean theorem yields 
where reis the radius of the cylinder constituting the central body. The ab ove 
equation leads to 
Re = (b/2)2 + r~ - r~ 
2(rw -re) 
which implies a constraint on the minimum curvature at any point on the terrain, 
given by 
1 
! min {Kmin}! > Re 
or 
. {} 2(rw - re) 
mm Kmin > - (b/2)2 + r~ - r; (2.48) 
Assembling the constraints given in inequalities (41) and (42) leads to 
(2.49) 
2.5 Simulation Results 
Simulation results of ATOM moving on distinct types of terrain, derived us-
ing Matlab-Simulink, are reported here. The robot parameters are summarized in 
Table 2-2. Four types of terrain have been considered: (i) horizontal plane, (ii) 
inclined plane, (iii) spherical surface and (iv) general warped surface. Animations 
of these simulations are available at URL http://www . cim. mcgill. cal rvdanielle. 
Given the robot parameters, the upper and lower limits of the terrain curvatures 
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Figure 2~4: Second constraint 
0.3450 m d 0.03 m 
0.0575 m rw 0.0775 m 
8.5 Kg mw 0.75 Kg 
0.0153 Kg.m~ leu 0.0344 Kg.m~ 
0.0268 Kg.m2 IWI 0.0018 Kg.m2 
0.0018 Kg.m2 Iwv 0.0018 Kg.m2 
Table 2~2: ATOM Parameters 
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are derived from inequality (2.56), namely, 
1 -1 2(rw - rc) -1 
- = 12.9032 m , (bl)2 2 2 = 1.2797 m 
rw 2 +rc-rw 
For planar cases the constraint on the terrain curvature is unconditionally satisfied 
since the curvature is identically zero. For a spherical surface, the curvature is 
constant and is given by K, = li Rs where Rs stands for the radius of the sphere. 
Here Rs = 15 m, thus satisfying the constraint. For the last case, a warped smooth 
,surface is generated with K,m'in = -0.2085 m-1 and K,max = 0.8064 m-1 , which satisfies 
the constraint as well. 
2.5.1 Simulation of ATOM Moving on a Horizontal Plane 
Two interesting cases are considered for the motion on the horizontal plane: 
driving the robot with (i) equal torques on both wheels; and (ii) torques equal in 
magnitude but with opposite signs. Wh en applying equal torques to the wheels, 
ATOM moves along a straight line. Figure 2-5(a) shows the x- and y- coordinates of 
the wheels centres Cl and C2 , as well as the geometric centre of the central body Co' 
The relative angular displacements of the wheels with respect to the central body 
are equal, as shown in Fig. 2-5(c), w3p thus 'vanishing and W3 being parallel to 1. By 
looking at the Euler-Rodrigues parameters in Fig. 2-5(e), one can notice that among 
the components of vector r, the one parallel to 1 is non-zero, while the other two 
vanish. Moreover, the oscillation of ro represents the oscillation of the central body 
with respect to the line of centres (C1C2 ). 
When applying opposite torques to the wheels, ATOM rotates in place, by 
keeping Co and C3 , the geometric and mass centres of the central body, fixed. Thus, 
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the trajectory followed by the centres of the wheels is nothing but a circle centered at 
Co and of radius b, as shown in Fig. 2-5(b). The angular displacements of the wheels 
are opposite, as displayed in Fig. 2-5(d). Moreover, W31 vanishes and W3 is then 
parallel to n, which is nothing but k. Again, Fig. 2-5(f) shows that the components 
of r vanish, except for the one parallel to k. 
2.5.2 Simulation of ATOM Moving on an Inclined Plane 
When applying opposite torques, the wheel centres deviate from the exact circle 
trajectory because of the gravit y effect due to the inclination of the plane, as shown 
in Fig. 2-6(a). The angular displacements of the wheels are slightly different III 
magnitude, as shown in Fig. 2-6(b). 
Other simulations for the motion on an inclined plane correspond to the case 
where zero torques are applied to th~ wheels, with the initial velocities on both wheels 
being equal in magnitude but opposite in sign. The geometric centre of the central 
body describes a cycloid as shown in Figs. 2-7(a) and (b), with the frequency of the 
periodic component increasing with the value of the initial velo city. A remarkable 
feature is that, on average, ATOM moves along a horizontal line, i.e., the gravit y 
force does not appear to drive the robot downward in time. This is due to the 
conservation of the angular momentum of the whole system. Note that, for these. 
simulations, the offset between the geometric and mass centres of the central body 
is zero. These results closely resemble the ones reported in (Nelmark and Fufaev, 
1972). 
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Figure 2-5: ATOM moving on a horizontal plane: (a) & (b) x- and y- coordinates 
of Cl, C2 and Co; (c) & (d) angular displacement of the wheels; (e) & (f) Euler-
Rodrigues parameters rand ro for two types of inputs: equal torques and opposite 
torques, respectively. 46 
0.8 
(a) (b) 
Figure 2-6: ATOM moving on an inclined plane driven by opposite torques: (a) X-, 
y- and z- coordinates of Cl, C2 and Co; (b) relative angular displacements of the 
wheels 
x(m) 
y(m) Ylm) 
(a) (b) 
Figure 2-7: ATOM moving on an inclined plane driven by gravit y: (a) & (b) X-, y-
and z- coordinat es of Co with distinct values of the initial velocities applied to the 
wheels 
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2.5.3 Simulation of ATOM Moving on a Spherical Surface 
Here also, the inputs considered are zero torques on both wheels, i.e., ATOM 
is driven by the gravit y force only. Since the model does not include any active 
friction force, the motion is not damped, the robot thus rolls without stopping on 
the spherical surface, as shown in Fig. 2~8(a), which can also be proven by the 
conservation of the total energy of the system. The potential and kinetic energies 
are displayed in Fig. 2~8(c), their sum being readily verified to be constant. The 
Euler-Rodrigues parameters are displayed in Fig. 2-8(e). 
2.5.4 Simulation of ATOM Moving on a General Warped Surface 
ATOM is driven here also by the gravit y force alone. We considered a polynomial 
smooth surface of the general form: 
z = f(x, y) = L ai,jXiyj 
i,j 
As shown in Fig. 2-8(b) the robot moves across the terrain. Figure 2-8( d) displays 
the potential and kinetic energies, while the Euler-Rodrigues parameters are plotted 
in Fig. 2-8(f). 
2.6 Summary 
In summary, this chapter develops the mathematical model of ATOM, moving on 
uneven terrain using the NOe, which permits an elegant and concise computation of 
the equations governing the motion of the system. The Euler-Rodrigues parameters 
are used to describe body-orientation, as they permit a unified description of the 
system, including its all possible postures. Any approach based on the Euler angles 
for orientation description would not yield a single set of model equations, as such 
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Figure 2-8: ATOM moving on spherical and general warped surfaces (a) & (b) 
X-, y- and z- coordinat es of Co; (c) & (d) potential and kinetic energy of the whole 
system; and (e) & (f) Euler-Rodrigues parameters rand ro for motion on spherical 
and general warped surfaces, respectively. 
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could not hold at the point of singularity. Moreover, the particular case of motion 
on an inclined plane is also covered, and its associated state-space model is derived. 
Furthermore, constraints on the terrain curvatures that ensure pure-rolling motion 
are formulated. 
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3.1 Introduction 
CHAPTER 3 
Controllability Study 
In this chapter we study the linear and nonlinear controllability of ATOM mov-
ing on an inclined plane. 
For linear controllability we determine equilibrium states, linearize the system 
around equilibrium and apply the Kalman controllability rank condition, which shows 
that the state-spaee system is not completely controllable. U sing similarity transfor-
mations (Antsaklis and Michel, 1997), we sepamte the controllable part and identify 
the noncontrollable states. The results obtained at this level show the neeessity to 
investigate further the nonlinear controllability, sinee the control objectives cannot 
be fulfilled using a linear model. 
For nonlinear controllability we start by reducing the state-spaee model, then 
omitting the states that are not relevant from the control perspective. Further, we 
construct the controllability Lie algebra, based on the method introdueed by Marino 
(1986), in order to study the local aceessibility of the system, its small-time local 
controllability and to determine the dimension of the largest feedback linearizable 
subsystem. 
Although this chapter does not provide original material, the methods adopted 
for the controllability study being state-of-the-art, it is noteworthy that the results 
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obtained are general, i.e., applicable to any MWP-class robot and not restricted to 
ATOM. 
3.2 Preliminary Computations 
3.2.1 Useful Identities 
We start by casting the four Euler-Rodrigues parameters in a four-dimensional 
array À: 
(3.1) 
whence the identities below can be derived, for any vectors a = a(À), h = h(À) E IR3 
and a scalar k(À) E IR: 
(3.2a) 
(3.2b) 
(3.2c) 
where A and B are the CPM of vectors a and h, respectively. 
For further computations it will be convenient to introduce the four-dimensional 
vector a).., where a can be h, l, or n, as introduced in Ch. 2, namely, 
(3.3) 
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Differentiating aÀ with respect to À leads to: 
[ 
8(roa - r x a) 8(roa - r x a) ] 
8r 8ro 
8(rT a) T 8(rT a) 
- -
8r 8ro 
[ 
8a 8a 1 (roI - R) r + A (roI - R) ro + a 
T8a T T 8a 
-r --a -r -
8r 8ro 
(3.4) 
[ 
(ro I - R) ] 8a + [ A a ] 
-rT 8À -aT 0 
Moreover, it is straightforward to show that 
(3.5) 
where H, Land N denote the CPMs of h, 1 and n, respectively. 
3.2.2 Range and Nullspace of 81/8À, 8h/8À, 8U3/8À, and 8V3/8À 
Since the vector 1 is of unit norm, i.e., 
its differentiation with respect to À leads to 
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and, consequently, 1 EN (âlj8Àf. 
Moreover, by noticing that n is a constant vector perpendicular ta 1, i.e., 
T 8n 
1 n = 0 and 8À = 03x4 
differentiating IT n with respect to À yields 
8n T âl T âl T 
8À 1 + 8À n = 8À n = 04 
whenee n EN (âlj8Àf. 
Moreover, from the Fundamental Theorem of Linear Algebra(Halmos, 1958), 
which leads to 
( âl)T (âl)T dim N 8À = 2 and dim n 8À = 1 
sinee vectors 1 and n are linearly independent and belong to N (âlj8À)T. 
At this stage we can concIude that: 
( âl)T N 8À = span{l, n} 
Moreover, sinee transposition does not change the rank of a matrix, 
(âl) (âl)T rank 8À = rank 8À 
Let the vector b E IR3 be the image of vector a E IR4 , obtained by application of the 
mapping âlj8À, i.e., 
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then 
ITb = IT ~a = 0 8)" 
81 
nTb= nT-a =0 8)" 
Thus, bER (81/8),,) means that b is normal to both vectors 1 and n, or, equivalently, 
b is linearly dependent with h. Therefore, 
R (:~) = span{h} (3.6) 
since rank (81/8),,) = 1. 
Applying the same reasoning to vector h leads to 
R (~~) = span{l} (3.7) 
By the same token, 
(3.8) 
and 
(3.9) 
3.3 Linear Controllability 
The state-space model of ATOM moving on an inclined plane was derived in 
Chapter 2, as summarized in eqs. (2.34), (2.35), (2.42), and (2.43). Below we recall 
the model for quick reference: 
The state vector x was defined as 
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the state-space model being 
where 
f(x) = , gl(X) = [ Dg ] 
gvl ' 
and 
Fa + Fe + Ga + Ge 
an components of the foregoing arrays being defined in Ch. 2. 
3.3.1 Determination of Equilibrium States 
(3.11) 
(3.12) 
-Ja + Je + Jd 
Ja + Je + Jd 
-Je 
(3.13) 
Considering equilibrium states with zero inputs, i.e., Il = 0 and '2 = 0 leads to 
x = f(x) = Dg 
which, after simplification, implies 
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Therefore, 
d h kxn . V3 = ±n an U3 = ± = ± Ilk x nll = ±l 
These equilibrium states correspond to the posture where the line of wheel centres 
is parallel to the direction of steepest ascent, and the line joining the centre of mass 
of the central body to its geometric centre is normal to the inclined plane. We will 
refer to these states as Xe regardless of the sign (plus or minus), Le., the centre of 
mass of the central body can be situated below or above the geometric centre. 
Note that in the case of a horizontal plane, the direction of steepest ascent is 
undefined, the equilibrium state thus becoming any posture for which the line joining 
Co and C3 is vertical. 
3.3.2 Linearization Around Equilibrium 
Linearizing system (3.11) around Xe leads to 
x = A(x - Xe) + B [ :: ] 
where the 12 x 12 matrix A is given by 
OT 5 OT 4 1 0 0 
OT 5 Or 0 1 0 
A= MI 
8x Xe 03X5 03x4 (rw/2)he (r w/2)he rwhe (3.14) 
04x5 04x4 (rw/ 2b)nÀe -(rw/2b)nÀe (1/2)IÀe 
03x5 G 03 03 03 
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with 
G= 
and 
while the 12 x 2 matrix Bis, in turn, 
8GbTI 
8)" Xe 
09 
3.3.3 Controllability Matrix and KCRC 
The controllability matrix K is defined as 
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Xe 
Xe 
09 
(3.15) 
It is a simple matter to show that 
AB= 
where Œi, for i = 1, ... ,6, are constants. 
Following the same reasoning, A 3B is given by 
A3B = (rw/2)(Œl + Œ2 + 2(3)he (rw/2)(Œ4 + Œ5 + 2(6)he 
(rw/2b)(Œl - (2)n>.e + (1/2)Œ31>.e (rw/ 2b)(Œ4 - (5)n>.e + (1/2)Œ61>.e 
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At this sta~e it is apparent that B, A 2B, ... ,A lOB have an the same structure, 
i.e., their first ni ne rows vanish, while, for the matrices AB, A3B, ... ,AllB, the last 
three rows vanish. Therefore, 
where, obviously, 
while 
rank (r AB A3B ... AllB l) = 5 
Indeed, the columns of A2k+lB, for k = 0, 1, ... ,5 are alllinear combinations of the 
five linearly independent vectors given below: 
0 1 0 1 0 
0 0 1 0 1 
he he he he he 
llÀe llÀe llÀe IÀe IÀe 
03 03 03 03 03 
Therefore, 
rank (K) = 8 :S; dim X = 12 
Henee, the system is not completely controllable from Xe. Note that rank (K) 
cannot exeeed 10 in any case, sinee vector q is not minimal. Indeed, the z-component 
of Co, the position vector of the geometric centre of the central body, is dictated by 
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the pitch surface, while the four Euler-Rodrigues parameters must satisfy the nor-
malization constraint. Therefore, two components of q are obviously uncontrollable. 
3.3.4 Decomposition of the Control System 
In this section we will use the similarity transformation matrix Q as introduced 
in (Antsaklis and Michel, 1997) in order to separate the controllable part of the 
system from its uncontrollable part, and to identify the two remaining uncontrollable 
states. The rank of the controllability màtrix K being eight, we pick from K eight 
linearly independent columns, and add to them four additionallinearly independent 
12-dimensional vectors which are, in turn, linearly independent from the first eight, 
in order to construct the 12 x 12 invertible matrix Q as: 
1 2 O2 O2 O2 02X3 O2 O2 O2 O2 
03x2 he 03 03 03x3 le n 03 03 Q= 
04x2 04 l>.e n>.e 04X3 04 04 h>.e Àe 
03X2 03 03 03 13 03 03 03 03 
where ln denotes the n x n identity matrix, while Omxn denotes the m x n zero 
matrix. Let x denote the new state vector defined as 
A Q-l x= X 
then x can be partitioned as 
x~ [ ~] 
where Xc and Xu denote the controllable and uncontrollable parts of X, respectively. 
It is a simple matter to show that the controllable states are: 
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• the two relative angular displacements 013 and 023 ; 
• the three components of v, the vector of independent velocities, namely, B13 , 
B23 , and W31; 
• one linear combination of XCo and YCo ' the x- and y- components of co; 
• and two linear combinations of rand ro, the Euler-Rodrigues parameters. 
The noncontrollable states are, in turn, 
• the z- component of co; 
• a linear combinat ion of xCo and YCo independent from the one above; 
• the two remaining linear combinations of rand ro 
3.3.5 Conclusions about Linear Controllability 
At this stage, we can conclude that a linear model suffices to control the robot at 
the velo city level only. If we are interested in the position and orientation control of 
the robot, then a nonlinear model must be employed. For that, we continue further 
in this chapter by studying the nonlinear controllability of the robot. 
3.4 N onlinear Controllability 
3.4.1 Model Reduction 
Before moving forward to the construction of the controllability Lie algebra, it 
is convenient to introduce a coordinate transformation followed by a model reduc-
tion that facilitates understanding the intrinsic dynamic properties of the system. 
N oting that the relative angular displacements 013 and 023 are not important from 
the control perspective, these can be omitted in the simplified model. Moreover, 
the z-component of Co is dictated by the terrain. Thus, the resulting reduced state 
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vector qr is six-dimensional, namely, 
(3.16) 
Furthermore, W3p and vc , defined in eqs. (2.33) and (2.36), represent the steering 
rate of the robot and its heading velo city, respectively, which are in a more direct 
correspondence with the control purposes than the wheel relative angular rates 1913 
and 1923 , the vector of independent velocities v defined in eq. (2.26) then becoming 
v ~ [ Vo W:lp W" r (3.17) 
Finally, it is also convenient to transform the input torques: 
Using this new coordinate system, eqs. (2.34) and (2.35) representing the kinematic 
constraints, remain the same, as recalled below: 
. hT ' YCo = Vc J 
r = (1/2)(rol - R)(w3pn + W311) 
ro = -(1/2)(w3prTn+w3IrTl) 
while eq. (2.42), pertaining to the dynamics, becomes: 
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(3.18) 
(3.19) 
where 
rw(Fb + Fe + Gb + Ge) 
(2rw/b) (Fa + Ga) 
If the reduced state vector X r is defined as 
[ ] 
T [ X - T T -
r - qr V - X Co YCo 
o 
o 
, gVm = (2rw/b)Ja 
o 
then the full state-space model of the system is, in turn, 
where 
f(x) = 
and 
3.4.2 Notation, Definitions and Theorems 
Given the nonlinear control system 
m 
je = f(x) + L gi(X)Ui 
i=l 
(3.20) 
(3.21) 
(3.22) 
(3.23) 
where the state x belongs to an open set U of IRn, f, gl, ... , gm are smooth vector 
fields defined on U. 
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The definitions below (Sussmann, 1987; Nijmeijer and van der Schaft, 1990; De Luca 
and Oriolo, 1995) will be needed in the sequel: 
Definition 1 The Lie product of two vector fields a and b is defined as a new 
vector field given by 
âb âa [a bJ = -a--b 
, âx âx 
Definition 2 The accessibility algebra of system (3.23) is the smallest subalgebra 
of voo(ffi,n) (the Lie algebra of smooth vector fields on ffi,n), having the Lie product 
as binary operation, that contains f, gl,···, gm. 
Definition 3 The accessibility distribution for system (3.23) is the involutive 
dosure C of C, where 
C(x) = span{f(x), gl(X), ... , gm(x)} 
The involutive dosure of C is defined as the smallest involutive distribution containing 
C. 
Sinee the formaI definition of system accessibility (Sussmann, 1987; Nijmeijer 
and van der Schaft, 1990) is rather cumbersome and difficult to verify directly, below 
we only cite a sufficient condition for aceessibility, as proved by Chow (De Luca and 
Oriolo, 1995). 
Theorem 1 (Chow) The system (3.23) is locally accessible from Xo if 
dim C(xo) = n 
Definition 4 Considering a vector field a(x) E C obtained as a (repeated) Lie 
bracket of the system vector fields, let c5°(a), c51 (a), ... , c5m(a) denote the number of 
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times that go (= f), gl, ... , gm occur in a, respectively. The degree of the repeated 
bracket a is then defined as 
m 
i=O 
Definition 5 A bad bracket a(xo) is such that bO(a) is odd and b1(a), ... , bm(a) 
are even. 
Theorem 2 (Sussmann) For system (3.23) to be small-time locally controllable 
(STLC) from Xo it is sufficient that: 
• system (3.23) be locally accessible from Xo 
• any bad bracket a(xo) E C can be expressed as a linear combination of good 
brackets of lower degrees (a good bracket is one which is not bad). 
For the definition of STLC see (Sussmann, 1987; Nijmeijer and van der Schaft, 1990). 
In the present work, the construction of the accessibility algebra is based on the 
method introduced by Marino (1986), which allows the simultaneous computation of 
the dimension of the largest feedback-linearizable subsystem, as needed for feedback 
linearization. It was shown further by Marino (1986) that the set of controllability 
indices of the largest feedback linearizable subsystem k; of eq. (3.23) is given by 
k; = cardinality{ nj ~ i, j ~ O} 
where ni is a non-increasing sequence given by the codimension of Yi-l in Ci, namely, 
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with 
no = dimQo 
The distributions Ci and Qi are determined below. 
For each point x of U, the distribution Q(x) is defined as the vector space 
spanned by the vector fields gl(X), ... , gm(x), i.e., 
while the distribution Q f is 
ç1J(x) = span{f + g : g E Q} 
The distribution Qi(X) is defined, in turn, as 
with 
and 
[A, Hl = span{[a, hl : a E A, h E H} 
Moreover, the distribution Ci is defined as 
where 
adjA = span{adja: a E A} 
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and 
with 
ad~a=a 
3.4.3 Computation of the Controllability Lie Algebra 
In or der to compute the accessibility algebra as weIl as the dimension of the 
largest feedback..:linearizable subsystem, the indices ni and ki must be determined 
first. Clearly, 
no = dim 90 = 2 
where 90 is the distribution given by 
and 
We need to determine .cl as weIl as 90. The distribution .cl is given by 
while the computation of 90 requires the Lie product [gp, gml. In or der to ease the 
ensuing computations, âf/âx, âgp/âx and âgm/âx are evaluated below: 
of 
ax [ 
of âf] âgp = [ 06X9] ogm = [ 06X9 ] 
oq av 'aX ôgvp ' ax ogvm 
âx âx 
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where 
[ 
8gvp 
8q 
[ 
8gvm 
8q 
with 
8JdT 
rw 8À 
8gvp 
0 and 
8gvm 
--
8À 8À 
8Je T 
--
8À 
Thus, 
where 
and the three-dimensional vector t p1 is given by 
while 
with fp , a six-dimensional vector, namely, 
rwJdhTi 
fp = rwJdhTj 
69 
0 
8J
a 
T 
(2rw/b) 8À 
0 
and the three-dimensional vector t p2 is, in turn, 
Applying the same reasoning for [f, gm]leads to 
where 
and the three-dimensional vector t m1 is given by 
while 
with fm, a six-dimensional vector, namely, 
o 
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and the three dimensional vector t m2 is, in turn, 
Finally, 
4rwJa [(Je - Jb - Jd)Cb + (Jb - Je)Cdl W3p 
8(rw/b)2f!; [-2CdW 31 + (l/rw)Cbve] 
4Ja [(Je - Jb)Cb + JbCdl W3p 
[gp, gm] = [ogvm 060gvp ] = Og 
~gp- OX gm 
which implies that the distribution Qo is involutive, i.e., 
Qo = Qo 
Thus, 
and 
dimLl = 4 
implying that 
nI = 4 - 2 = 2 
Further, 
n2 = dim L2 - dim QI 
where the distribution QI is given by 
QI =(span{ Qo, [QI, Qo]} 
= span {gp, gm, [f + gp, gp] , [f + gp, gm] , [f + gm, gp] , [f + gm, gml} 
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(3.24) 
which, after simplifications, turns out to be identical with Cl, while the distribution 
122 is computed as: 
122 = span {ad}g, gl} 
= span {[f, [f, gp]] , [f, [f, gm]] ,gl} 
The construction of g 1 proceeds as 
Since t pl and t p2 are both linear in vc , W3p and W3Z, which are the components of the 
vector v, it becomes apparent that 8(tpl - t p2 )/8v does not depend of v. Moreover, 
which is also independent of v. Thus, 
Similarly, 
Using the Jacobi identity leads to: 
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Thus, 
It is unnecessary to investigate the recursive Lie products of the vectors [gp, fp1 - fp2l, 
[gm, fm1 - fm2l and [gp, fm1 - fm2l because the result always vanishes1 . Moreover, 
since these three vectors have the same structure as gp and gm, i.e., their first six 
components are aIl zero and their last three depend only of .x, one vector among 
the three, say [gp, fm1 - fm2], can be chosen. The set of the three vector gp, gm and 
[gp,fml - fm2l is now linearly independent. 
From previous computations it follows that: 
and since [fp1 , fm1 ], [fp1 , fm2 ] and [fp2 , fm1 ] do not generate any new brackets, we need 
only to determine the augmentation of 91 by [fp2' fm2], which is computed below: 
[fp2 , fm2l = at at aq p aat
q 
m at 
, [ afm f _ afp f ] 
m2 f m2 p2 f p2 
aq p + av t p2 - aq m - av t m2 
It should be pointed out that both t p2 and t m2 do not appear in the first six 
components, which are functions of vector .x only. Moreover, the last three compo-
nents can be spanned by the three independent vectors, gp, gm and [gp, [f, gm]], as 
1 The demonstration of this fact is similar to that involving the Lie product of gp 
and gm 
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noticed above. Thus, when generating further brackets, there is no need to consider 
the nine-dimensional vectors fp2 and fm2 , as they can be substituted by fp and fm . 
Hence, 
where 
Bfmf = Bq p 
o 
o 
_( l /2b) B( Jan,,) 1 T 
r weB).. " 
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and 
Moreover, by using eq. (3.2b) we have 
and 
By the same token, 
Noticing that vectors h and 1 span R(81jôÀ) and R(ôhjôÀ), respectively-see 
eqs. (3.6) and (3.7)-yields: 
where Œi, for i = 1 ... 5, are aU functions of À. 
It is obvious that [fp , fml cannot be expressed as a linear combination of fp and 
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fm ; thus, further bracketing must be performed. The first two components of fp 
and [fp , fml are clearly independent and do not appear in h À , lÀ and llÀ' It is hence 
justified to limit forward bracketing to the four-dimensional vectors obtained by the 
last four components of fm and [fp , fm ], or, equivalently, llÀ and ahhÀ + azlÀ + anllÀ, 
where ah, az and an can be considered this time as constants: 
where 
with 
ah 
O>..llÀ+ 
Following the same procedure leads to: 
where 
Thus, 
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Next we consider [n)., [n)., ahh). + ail). + ann).]] which constitutes a part of the bracket 
[n)., [n)., ahh). + ail>. + ann>.]] = ah({JI - 2) [n)., 1>.] + al({J2 + 2) [n)., h).] 
= ({JI - 2)({J2 + 2) (ahh>. + ail).) 
Heneeforth it is unneeessary to compute further brackets, sinee they will not 
generate a four-dimensional vector linearly independent on h)., 1). and n).. Therefore, 
YI becomes 
YI = span {gp, gm, [gp, [f, gm]] , [f, gp] , [[f, gp] , [f, gmll , 
[f, gm] ,[[f, gm] ,[[f,gp] , [f, gmlll ,[[f, gm], [[f, gm] , [[f, gp], [f, gmlll]} 
where ei, for i = 1,2,7,8 and 9, are the Euclidean basis vectors with the i th entry 
equal to unit y, respectively. The remaining vectors he, le and ne are each of the form 
where a). was defined in eq. (3.3) and a is equal to h, 1 and n, respectively. 
In order to compute the integer n2, two additional brackets must be computed, 
namely, ad}gp and ad}gm. 
The first two terms are spanned by the vector fields of QI-the proof is similar 
to the one adopted above. For the last two terms, the focus is on the third to the 
sixth components to aseertain whether a four-dimensional vector independent of h>., 
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lÀ and nÀ is generated. To this end, we calculate 
~ a(JelÀ ) ( 1 ) _ Je a(W3pnÀ + W311À)1 _ ~ [aJe T ( 1 )]1 
4 a>.. W3p nÀ + W31 À 4 a>.. À - 4 a>.. W3p nÀ + W31 À À 
+ ~e W3p [nÀ' lÀ] 
It is now apparent that ad}gp E 91. The same procedure is applied to show that 
ad}gm E QI, thereby leading to 1:-2 = QI. By the same token, 
Since the sequence of integers ni, for i = 0,1, ... , is non-increasing, the computation 
stops at n2' Rence: 
kr = cardinality{nj 2: l,j 2: O} = 2 
k; = cardinality{nj 2: 2,j 2: O} = 2 
3.4.4 Conclusions About Nonlinear Controllability 
Partial Feedback Linearization ATOM is partially feedback-linearizable with 
controllability indices kr = 2 and k2 = 2. Therefore, for control purposes, the system 
outputs must be chosen such that the sum of their relative degree :::; 4. 
Local Accessibility The local accessibility distribution is: 
C = span {gp, gm, [f, [f, gmll , [f, gp] , [[f, gp] , [f, gm]] , 
[f, gm] , [[f, gm] , [[f, gp] , [f, gmlll , [[f, gm] , [[f, gm] , [[f, gp] , [f, gm]]]]} 
Then, 
dim C = 8 < dim x = 9 for an x E IR ~ 
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At first sight, ATOM is thought not to be locally accessible. However, the Euler-
Rodrigues parameters r, ro are dependent (only three of them are independent), 
which implies that the state vector x is not minimal and that eight of its nine 
components are independent. This in fact explains the local accessibility of ATOM. 
Small-Time Local Controllability It is noteworthy that the state Xo is identical 
to the equilibrium state Xe, where the line of wheel centres is parallei to the direction 
of steepest ascent, and the line joining Co and C3 is perpendicular to the plane. 
U nder these conditions we can now show that aIl the bad brackets vanish or can be 
expressed by good brackets of lower degrees. Therefore, ATOM is small-time locally 
controllable from xo. 
Proof: 
The first bad bracket to be considered is f, as given in eq. (3.22). It is a simple 
matter to show that: 
f(xo) = Og 
since, Xo is chosen to be identical to Xe where 
v = 03 , Ga = 0, Gb = 0 and Ge = 0 
Let us consider now the bad bracket [gp, [f, gp]]: 
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N oticing that 
leads to 
06 
ald T 
rw a>.. 1,\ 
a 
_ ale T l ,\ 
a>.. 
After sorne simplifications, one can prove that: 
ale - IeId - 2I} + 4IJf aIf 
a>.. (IJd - 2I})2 a>.. 
ald _ -IJd - 2I} + 2IdIf aIf 
a>.. (IeId - 2I})2 a>.. 
Therefore, ale/a>.. and ald/a>.. are both linearly dependent with aIda>.., which, 
in turn, is linearly dependent with a(hTu3)/8>". Applying eq. (3.2a) to 8(hTu3)/8>" 
leads to: 
Recalling that 
( au3 ) (ah) n a>.. = span{l, V3} and n 8>" = span{l} 
leads to 
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Therefore, 
The same procedure can be repeated for the rest of the bad brackets, thus proving 
that the system is STLC at xo. 
In summary, we proved in this chapter that, by using a linear model, the system 
is controllable at the velo city level only, while a nonlinear model showed that the 
system is locally accessible, small-time locally controllable from specific states and 
the dimension of the largest feedback linearizable subsystem is four. 
Finally, it is worth noticing that the position of the centre of mass of the central 
body with respect to the li ne of wheel centres has no effect on the computation 
conducted ab ove , the conclusions thus obtained being applicable to any MWP-class 
robot, whether the pendulum is inverted or not. 
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4.1 Introduction 
CHAPTER 4 
Control of ATOM 
In this chapter we introduce two multi-Ioop control schemes for ATOM, a MWP-
class robot, moving on an inclined plane. The idea behind considering the motion 
on an inclined plane is that the mathematical model becomes more handleable~the 
two unit normal vectors at the wheel-ground contacts are equal and constant~the 
generalization to uneven terrain being then envisageable: Each of the two contact 
points defines one tangent plane to the ground surface. The challenge here is an 
intermediate step un der which the robot moves on two distinct inclined planes. 
Figure 4~ 1: ATOM robot 
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We st art by pointing out a feature common to MWP-class robots, that is not 
encountered in other wheeled robots: the central body, which constitutes the robot 
platform, can rotate about the wheel axis. This motion must not occur, thus leading 
to a new challenging problem for MWP, which is the stabilization of the central 
body, aside the classical problems related to nonholonomy issues. For example, any 
attempt to control the robot motion in conventional input-output mode results in 
unstable zero-dynamics, which manifests itself by an undamped oscillation of the 
central body, or even by a full spinning during, for example, the hard manoeuver 
where ATOM moves up on the inclined plane along the line of steepest ascent. This 
proved to us that stabilizing the central body is mandat ory and must be achieved 
simultaneously with robot steering and driving. 
In this chapter we consider two control schemes targeting the control of: (i) the 
heading velocity and orientation of ATOM, and (ii) the robot posture, respectively. 
Both control schemes are achieved simultaneously with the stabilization of the central 
body. 
4.2 State-Space Model 
We recall here the reduced state-vector and its associated model, as derived in 
Chapter 3, eqs. (3.21) to (3.22): 
x,. ~ [q; vT r [Xe" (4.1) 
and 
(4.2) 
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where 
f(x) = 
while 
(1/2)(rol - R)(w3p n + W311) 
-(1/2)rT(w3p n + W31 1) 
rw(Fb + Fe + Gb + Ge) 
(2rw/b) (Fa + Ga) 
4.3 Velo city and Orientation Control 
o 
o 
and gVm = (2rw /b)Ja 
o 
(4.4) 
The objective of controlling the heading velo city and orientation of ATOM si-
multaneously, while stabilizing the central body, with only two torques Tp and Tm, 
renders the control task highly challenging. Inspection of eq. (4.4), and specifically 
of vectors gvp and gvm, suggests that the robot orientation is controlled via Tm while 
the heading velocity as weIl as the central body oscillation are controIled via Tp • 
For that, an intrinsic dynamic property that is referred to as the natural behaviour 
of the system is brought forward, whose essential role is the representation of the 
dependence between the heading acceleration of the robot and the central body in-
clination. Therefore, the velo city and orientation control scheme is composed of two 
imbricated loops, as shown in Fig. 4.2. The innor Ioop, based on input-output lin-
earization, stabilizes the central body and controls the robot orientation via Tp and 
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Tm, respectively. The outer loop, based on the natural behavior of the system, con-
troIs the heading velo city of ATOM via the ouput function 6 of the inner loop, which 
represents the central body inclination. It should be pointed out that a convenient 
choice of the generalized coordinates, namely, the use of Euler-Rodrigues parameters, 
combined with the particular selection of 6, the first output function of the inner 
loop, involved a thorough analysis in or der to ensure a linear dependence between 
the heading acceleration of the robot and the central body inclination. It is this 
original combination that solves rigorously the problem of unstable zero-dynamics, 
thus providing a global solution for the stabilization of the central body problerh, 
typical to MWP-class robots, and distinguishing our work from other attempts to 
solve this problem (Grasser et al., 2002; Salerno and Angeles, 2004; Pathak et al., 
2005; Deegan et al., 2006). 
v: Reading 1/ Central body Tp 
velocity oscillation 
ATOM control & Xr ça _ Orientation 
control 
Tm 
t 
Figure 4-2: Block diagram: ATOM and the velocity and orientation control 
4.3.1 Natural Dynamic Property 
The natural dynamic property of ATOM becomes apparent by drawing the 
analogy to a simplified system which it resembles: the pendulum of mass m, moving 
on an inclined track, whose base is sliding at a constant acceleration u, as depicted 
in Fig. 4.3. It is clear that for a constant acceleration u the pendulum will stabilize 
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to a corresponding constant value of the angle (). The idea behind the outer loop 
of the velo city and orientation controller is to consider the inverse problem: the 
dependence between the inclination angle of the central body as the input variable 
and the heading acceleration of ATOM as the output variable. Although the ATOM 
mathematical model is much more complex than the pendulum, such a dependence 
can be explicitly calculated. Additionally, as stated ab ove , a specifie choice of 6, 
the first output function of the inner loop, renders this dependence linear. 
g 
t 
mu 
Figure 4-3: The free-body diagram of a pendulum moving on an inclined track 
4.3.2 Normal Form 
The well-known notions of vector relative degree and normal form (Sastry, 1999) 
are the essential tools in input-output linearization. To this end we will introduce a 
nonlinear change of coordinates that brings the original system to what is known as 
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the normal form. This task will be achieved by choosing a coordinate transformation 
mapping defined component-wise as foIlows: 
(4.5) 
which is a global diffeomorphism in IR9 . 
The resulting relative degree ofthe transformed system with respect to 6,6, Ç"s and 
Ç4 will be four, and hence fits within the dimension ofthe largest feedback linearizable 
subsystem computed in Chapter 3. Moreover, we must chose these functions in 
accordance with the inner-Ioop objectives, i.e., the control over the oscillations of 
the central body as weIl as the robot orientation. Hence, it is found particularly 
convenient to define: 
6(x) = u§k 
6(x) = ~l = u§k = unk x n) W3p - V§kW31 
Ç"s(x) = ITi 
Ç4(X) = ~3 = iTi = - hTiw3p 
(4.6) 
To complete the coordinate system transformation, five more functions 'T}i(X) are 
constructed. As the distribution spanned by gp and gm is involutive, see eq. (3.24), 
those functions are constructed by requiring that (Sastry, 1999): 
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Consequently, 
T/I(X) = X Co 
T/2(X) = YCo 
T/3(X) = hTi 
T/4(X) = v§k 
T/s(x) = Jcvc + r wJdW31 
(4.7) 
The proof that ~l, ~3, as weIl as i}i for i = 1, ... ,5 do not depend on the input torques 
. . 
is straightforward. Indeed, Tp and Tm act directly on 6 and Ç4, as shawn by the 
system in transformed form: 
~1(X) = Ç2 
~2(X) = dl + (2rw/b)Jauf(k x n) Tm + Jcv§k Tp 
~3(X) = Ç4 
~4(X) = d2 - (2rw/b) JahTi Tm 
i}l (X) = Vc hTi 
i}2(X) = Vc hTj 
i}3(X) = h?i = ITi W3p 
i}4(X) = v§k = vf(k X n) W3p + u§k W31 
i}S(X) = jcvc + rwjdw31 + rwJc(Fc + Ge) + rw(Jc + Jd)(Fb + Gb) 
where dl and d2 represent the system drift terms, namely, 
(4.8) 
dl = üf(k x n) W3p - V§kW31 - v§k (Fb + Gb) + (2rw/b)uf(k x n) (Fa + Ga) 
d2 = -hTiw3p - (2rw/b)hTi(Fa + Ga) 
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4.3.3 Inner-Loop Control Design 
The construction of the control system begins with the design of a tracking 
controller to steer the functions 6 and Ç3 to sorne adequately defined desired functions 
ç; and ç3'. This is achieved by adopting second-order error dynamics for 6 and 6, 
respectively, that yields: 
~2 + k2 6 + k1 (6 - ç;) = 0 
~4 + k4 Ç4 + k3 (6 - ç3') = 0 
(4.9) 
where ki for i = 1, ... ,4 are strictly positive to ensure exponential stability of eq. (4.9). 
By virtue of eq.(4.8) this requires that: 
(4.10) 
and 
(4.11) 
Consequently, 
(4.12) 
4.3.4 Relation between Vc and 6 
From eq. (4.3) the heading acceleration Vc is 
When the internaI loop reaches its steady state, i.e., 6 and 6 reach their asso-
ciated reference values, ';2, the first-order time-derivative of ';1, vanishes; moreover, 
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W3p and W31 vanish as well, thereby leading to 
and 
Thus, the acceleration in the steady-state is 
which, after simplification, becomes 
(4.13) 
where d3 is a drift term, namely, 
and the coefficient ka is defined as 
Equation (4.14) shows the possibility of controlling the heading velo city of the 
robot via the function 6, which represents the inclination of the central body. it 
is noteworthy that the linear form of 6 in the heading acceleration delivers global 
stabilization of the central body. 
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4.3.5 Outer-Loop Control Design 
Let v~ denote the reference value for the heading velocity. After compensation of 
the drift d3 , the transfer function of the closed loop in the Laplace domain becomes 
Vc(S) 
~*(s) 
(ka/s)C(s) 
1 + (ka/s)C(s) 
where C(s), the controller transfer function, has a very simple structure which is 
nothing but a first-order system, namely, 
Thus, 
v* c 
C(s) = kv 
1 +TvS 
J---J C(s) 1 
s 
Figure 4-4: The closed-Ioop of the heading velocity Vc 
ufk* = ç; = - ~: + 1:,-1 [C(s)(~*(s) - Vc(s))] ( 4.14) 
where 1:,-1 denotes the inverse Laplace transform. The construction is depicted is 
illustrated by Fig. 4-4 and results in the following time domain description of the 
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closed-Ioop subsystem dynamics. 
. 1 kv kv * 
Va = --Va - -Vc + -Vc 
Tv Tv Tv 
Vc = kava 
(4.15) 
Here, Va is the signal at the output of the controller C (s ). N eedless to mention, the 
parameters kv and Tv are chosen to provide for a sufficiently high rate of convergence 
in the closed-Ioop. 
4.3.6 Simulation Results 
The plane inclination is 30% for all the simulations discussed in this chapter, 
the robot parameters being introduced in Table 2.2. 
Motion Along the Line of Constant Elevation 
In this example, the desired heading velocity and orientation are 
V; = 0.5 mis and ç; = 0 
while the initial conditions of the system are 
Vc = 0 mis, 6 = 0.97 and 6 = 0.7 
It is noteworthy that V3, the unit vector directed from the centre of mass of 
the central body to its geometric centre, is almost horizontal, which shows that the 
control proposed here can cope with inclination of the central body far from zero. 
By the same token, the foregoing feature shows that the stabilization of the central 
body is achieved globally. Figure 4-5(a) shows that ATOM succeeds to steer itself so 
as to achieve the final orientation, and roUed along a line of constant elevation, while 
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Fig. 4-5(b) depicts the same motion in 3D. The reference signal for 6, as dictated 
by the outer-Ioop and its tracking signal, are depicted in Fig.4-5 ( c). Figure 4-5 ( d) 
displays the convergence of the function 6 to zero, its reference value, while Fig. 4-
5(e) depicts the heading velocity increasing from 0 m/s to 0.5 m/s. 
Motion Along the Line of Steepest Ascent 
When moving along a line of steepest ascent, it is a simple matter to verify that 
hTi vanishes, eq. (4.10) thus failing to hold. To cope with this problem, we permute 
functions 6 and 'T/3, since both give information on the orientation of ATOM on 
the inclined plane. The balance of the computation is similar to the one conducted 
above. 
The references for the heading velo city and the robot orientation, which is given 
now by 6 = hTi, remains the same as in the former example, while the initial 
conditions are an zero. Figure 4-6(a) shows that ATOM succeeds to ascend along 
a line of steepest ascent, which constitutes the hardest manoeuver on an inclined 
plane. Figure 4-6(b) depicts the same motion in 3D and shows that ATOM first 
descends a distance of 0.26 m before its starts ascending. The same information can 
be retrieved by looking at the X-, y- and z- components of Co, displayed in Fig. 4-
6(c). The output function 6 and its reference value are depicted in Fig. 4-6(d) while 
the heading velo city is given in Fig. 4-6( e). 
4.4 Posture Control 
For posture control, a third loop is added to the block diagram, as shown in 
Fig. 4.6. The inner-Ioop is changed slightly, as it becomes responsible of the central 
body stabilization and the control of the robot steering rate~instead of the robot 
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orientation. Moreover, the outer-Ioop ofthe velo city and orientation control remains 
unchanged, except that it becomes the intermediate-Ioop here, while the outer-Ioop 
of the posture control is responsible for the position and orientation control. It 
q 
Position Heading çÎ Central body v· oscillation Tp ~ & ~ velo city ATOM Xr & Orientation control Turniug rate 
control Tm 
control 
W3p 
Figure 4-7: The block diagram of the ATOM and the posture control scheme 
is worth noticing that once the inner and intermediate loops are implemented, the 
system (ATOM +two internaI controlloops) is equivalent to any car-like robot, sinee 
the platform is stabilized and the new control inputs are V c and W3p, the heading and 
steering velocities, respectively. Therefore, conventional techniques can be applied 
for position and orientation control. Rence, the structure of the externalloop is based 
on the work reported in (Guldner and Utkin, 1994), with an additional improvement 
to ensure smooth entering into the sliding mode. 
Finally, without loss of generality, the origin of the reference frame is located at 
the goal posture and oriented in such a way that the line of wheel centres is parallel 
to the one of steepest ascent and the line joining Co and C3 is normal to the plane. 
Therefore, the referenee values for the posture controller are 
Xco = 0, YCo = 0 and luril = 1 
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4.4.1 Normal Form 
The objectives of the inner-Ioop being now the control over the oscillations of 
the central body and the robot steering rate, the coordinate transformation mapping 
defined component-wise becomes 
(4.16) 
where 6, 6 remain the same as for the velo city controller-see eq. (4.6), while Ça is 
chosen as 
( 4.17) 
Additionally, 1]i(X) for i 
function is defined as 
l, ... ,5 remain the same as in eq. (4.7) and the sixth 
(4.18) 
The functions ~1, ~2, as well as 7]i for i = l, ... ,5 being computed in eq. (4.8), we need 
to compute here the first-order time derivative of functions Ç3 and 1]6 
where d2 is now 
~3(X) = d2 + (2rw/b)JaTm 
7]6(X) = iTi = -hTi W3p 
4.4.2 Inner and Intermediate Loops Control Design 
(4.19) 
(4.20) 
The goal behind this loop being to implement a tracking controller that steers 
the functions 6 and ';3 to the desired fun ct ions ';Î and ';3' we adopt here second and 
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first-order error dynamics for 6 and 6, respectively, that yields: 
~2 + k2 6 + k1 (6 - ç;) = 0 
~3 + k3(6 - ç;) = 0 
(4.21) 
where ki for i = 1,2,3, are strictly positive to ensure exponential stability of eq. (4.21). 
By virtue of eq. (4.19), this requires that 
(4.22) 
while Tp remains the same as in eq. (4.11). 
As for the intermediate loop of the posture control, its task being to dictate the 
reference value Çr to the inner loop, eq. (4.14) holds. 
4.4.3 Outer-Loop Control Design 
The outer-Ioop, whose task is to control the posture of the robot, is based on 
sliding-mode control with Lyapunov function for navigation (Guldner and Utkin, 
1994). The main benefits of the sliding mode control are theinvadance property and 
the ability to decouple high dimensional problems into sub-tasks of lower dimen-
sion (Utkin, 1977a, 1992b; Hung. et al., 1993). The Lyapunov function, although 
traditionally employed to test the stability of dynamic systems, here will be used 
in a slightly different manner, namely, for robot navigation. Therefore, the central 
idea is to ensure that vector h, which represents the direction of êo , the velo city 
of geometric centre of the central body, is linearly dependent with a vector E, de-
fined as the gradient of the chosen Lyapunov function. Wh en linear dependence is 
achieved, the system enters the sliding mode. It is noteworthy that the foregoing 
linear-dependence condition does not require any switching, which guarantees that 
99 
the distance between the current position of the system and the sliding surface de-
creases monotonically. 
Let s be the direction of steepest ascent of the inclined plane, i.e., 
s = n x i 
Then the x- and y- components of éo can be expressed as 
where {3 represents the inclination of the plane. 
The Lyapunov function for navigation Vsl in the present case is chosen as 
so that E is defined by 
Therefore, the equation of the sliding surface becomes 
~(q) = 
hTi Ex/IIEII 
hT s Ey/liEll 
where IIEII denotes the Euclidian norm of E. 
Differentiating ~ with respect to time leads to 
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=0 (4.23) 
where 
and 
( ) 1 [T. T ( 2 2) ( T·2 f3hT 2)] D2 q = 411EI13 h 1 h s - cos f3x co + 2yco + XCoYco h 1 - 2 cos s 
Convergence of ~ to zero in finite time can be achieved by imposing 
Li = -( Msign(~) with (2: 0 
thereby leading to 
(4.24) 
Finally, introducing a positive scalar Va as an auxiliary control input yields 
(4.25) 
Therefore, eqs. (4.11), (4.14), (4.22), (4.24) and (4.25) constitute the posture con-
troUer as implemented in three loops. 
4.4.4 Stability Analysis of the Closed-Loop System 
To analyze the stability of the closed loop system let us define y as the vector 
of system regulated variables: 
(4.26) 
Since the inner and intermediate loop subsystems, as defined by eqs. (4.21) and 
(4.15), are made stable by design, there exist quadratic Lyapunov functions Vi (6,6,6) 
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and V2( Va, vc ) and strictly positive definite matrices Pl and P 2 such that 
Çi Çi 
i-!(çj,ç,,6)=[grad(vdf 6 :Ô-[666fP l ç, (4.27) 
and 
",(Va, v,) = [grad(V,W [::]:ô- [Va V, f P 2 [::] (4.28) 
AIso, eq. (4.23) implies hTi = ±Ex/II€II. Considering the positive case, 
XCo = vchTi = vcEx/II€11 = -vorJI/2 
iJco = vccos,8hTs = vccos,8Ey/II€11 = -Vo cos,8rJ2 
thereby leading to 
(4.29) 
where PsI = Vo diag(1/4, cos,8) is a strictly positive definite matrix. Let the Lya-
punov function for the subsystem defined in eq. (4.26), be now introduced as the 
sum: 
v (y) = Vi + 112 + Vsl (4.30) 
From the above discussion, eqs. (4.27) to (4.29), we obtain 
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From standard Lyapunov theory it thus follows that y ---+ y* globally and exp onen-
tially as t ---+ 00. 
Since the origin of the frame Fo is considered the goal posture, i.e., x~o = 'fi; = 0 and 
Y~o = 'fI2 = O. Hence, as t ---+ 00, from eqs. (4.24) and (4.25) follows that € = O2 , and 
hence v~ = 0 and w3p = ç; = O. Equation (4.15) yields, in turn, v~ = 0 and G = O. 
Furthermore, eq. (4.21) implies Ç2 = O. Therefore, as t ---+ 00, we obtain 
y* = 0 
The zero-dynamics of the system is hence calculated by investigating the behavior of 
the remaining functions, 'fIi for i = 3, ... ,6 when y = y*. From eqs. (4.8) and (4.19) 
it is apparent that: 
TJi = 0 for i = 3, ... ,6 
which secures stable zero-dynamics. 
It follows that ATOM is steered to the origin, while the motion of the central body 
is stabilized. 
4.4.5 Simulation Results 
Example 1 
The initial conditions are given by: 
X Co = -2m, YCo = 2m and uri = -h/2 
Figure 4-8(a) shows that ATOM succeeds to steer itself to the appropriate 
orientation and to position itself at the origin, while Fig. 4-8(b) depicts the same 
manoeuver projected onto the inclined plane. Figure 4-8(c) displays the evolution 
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in time of the X-, y- and z- coordinates of Co' The reference and tracked signaIs 
of the heading velo city, steering rate and function 6 are given in Figs. 4-8 ( d), (e) 
and 4-9(a), respectiveIy. As for w3p and 6, the tracking is so fast that the tracked 
signaIs are almost undistinguishable from their corresponding references, while for 
Vc the tracking is slower. The reason behind is that Vc is controlled with Çl in the 
intermediate loop, while W3p and 6 are controlled in the inner Ioop, which is, of 
course, faster. The torques Tl and T2 applied to the ATOM wheels are given in 
Fig. 4-9(b) and a zoom-in on the spikes occurring at t = 0 is provided in Fig. 4-9(c). 
One can readily see that the torques drop form 1.5Nm to -0.5Nm in approximately 
80 ms, which is realistic for De motors, for exampIe; therefore, we dot not have to 
worry about the spikes. Finally, the smooth entering into the sliding mode is brought 
forward in Fig. 4-9(d), that depicts the sliding surface ~. 
Example 2 
For this example, the initial conditions are given by 
x co = -2m, YCo = -2m and uri = -1 
Figure 4-1O(a) shows that ATOM succeeds to steer itself up to the origin while 
adjusting simultaneously its orientation; Fig. 4-10(b) displays the trajectories fol-
lowed by Cl, C2 and Co projected onto the inclined plane. Again, the reference and 
tracked signaIs of vc , W3p and 6 are displayed in Figs. 4-1O(d), (e) and 4-11(a), re-
spectively. Here, we can also underline the rapid tracking of W3p and 6. The torques 
are plotted in Fig. 4-11 (b ), the zoom-in on their spikes is given in Fig. 4-11 ( c), and 
the smooth entering onto the sliding mode in Fig. 4-11 ( d). 
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Example 3 
For this example, the initial conditions are given by 
X Co = 1 m, YCo = 1 m and uri = -V2/2 
Figure 4-12(a) shows that ATOM succeeds to reach the origin with the desired 
orientation. For that, it starts by going down for a while, then up, and finally 
directs itself to the origin. Figure 4-12(b) depicts the trajectory followed by Cl, 
C2 and Co projected onto the inclined plane, while Fig. 4-12(c) provides a zoom-in 
on the orientation adjustment performed at the beginning of the simulation. The 
evolution in time of the X-, y- and z- components of Co is provided in Fig. 4-12(d). 
The reference and tracked signaIs of V C , W3p and 6 are depicted in Figs 4-12(e), 
4-13(a) and (b), respectively. Note that the orientation adjustment described ab ove 
is responsible of the saturation of 6 for the first 1.5 s approximately. Finally, the 
torques applied to the wheels are displayed in Fig. 4-13(c) and a zoom-in on the 
spikes occurring when 6 exits the saturation mode is given in Fig. 4-13(d). Here 
also, the system enters smoothly the sliding surface and the evolution of ~ resembles 
the one depicted in the former examples; therefore, ~ is not displayed here. 
Example 4 
The initial conditions are given by 
X Co = 2m, YCo = -7m and uri = 0 
Figure 4-14(a) shows that ATOM succeeds to reach the origin with the desired 
orientation, knowing that it starts from 7.2m below, with a slope of 30%. Projection 
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onto the inclined plane of the trajectories followed by Cl, C2 and Co are given 
in Fig. 4-14(b). Note that at the beginning, ATOM descends a distance of O.3m 
approximately; then, it starts ascending as depicted in Fig. 4-14( c). The evolution 
in time of the x-, y- and z- coordinates of Co are given in Fig. 4-14 ( d) . Reference 
and tracked signaIs of V c , W3p and 6 are dispIayed in Figs. 4-14(e), 4-15(a) and 
(b), respectively. The output function 6 remains at its saturated values for the 
first 5 s, which refiects the hardness of the manoeuvre performed by ATOM in this 
example. The torques applied to the wheels are depicted in Fig. 4-15(c), and the 
spikes occurring when 6 quits saturation are given in Fig. 4-15(d). Again, we can 
notice that the spikes are realistic and can be achieved by DG motors. 
4.4.6 Controller Performance versus Parameter Uncertainties 
In this section we test the controller performance versus the parameter uncer-
tainties. We recall here that the controller is composed of three-imbricated loops. 
The inner loop, based on input-output linearization, is obviously dependent of the 
robot parameters. As for the intermediate loop, a judicious choice of the function 
6 allowed a linear dependence between the heading acceleration of the robot and 
this function. Therefore, we were able to implement a linear controller C(8), with 
constant parameters. For the outer loop the choice of the sliding-mode control and 
the auxiliary constant input Vo rendered the controller less dependent on the system 
parameters. Note that the choice of the controller parameters was not a simple task, 
since the system itself is nonsymmetric, due to the up and down motion of ATOM 
on the inclined plane. 
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In this subsection we show two simulations of ATOM moving on the same in-
clined plane with a slope of 30%, except that the robot and terrain parameters seen 
by the controller are over- and under-estimated, respectively. The error on the nor-
mal vector to the ground is of 10%, while the error on the moment of inertia and the 
offset are of 20%. In both cases, i.e., under- and over-estimation, ATOM succeeds to 
reach the origin with the desired orientation, which can be verified by looking to the 
evolution in time ofthe X-, y- and z- components of Co depicted in Fig. 4-16(a). The 
signaIs vc , W3p and 6 are displayed in Fig. 4-16(b), (c) and (d), respectively. The 
smooth entering onto the sliding surface is shown in Fig.4-16(e), while the torques 
applied to the wheels as weIl as zoom-ins on their spikes are given in Fig.4-17(a) and 
(b). 
4.5 Summary 
In this chapter we proposed two multi-Ioop control schemes for a MWP-class 
robot moving on an inclined plane. The challenging issue in this design is steering 
and driving the robot while stabilizing the central body. When compared previous 
attempts to control such systems, the control law proposed here is global and less 
sensitive to errors in theparameter estimation. It is hence shown that deep insight 
into the natural dynamic property of the system in conjunction with proper selection 
of the coordinate system and the choice of the system output functions are instru-
mental in the construction of feedback control schemes for nonholonomic systems 
with unstable zero-dynamics. 
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Figure 4~ 17: Controller performance in the presence of parameters uncertainties: (a) 
time history of 71 and 72; and (b) zoom-in on the spikes occurring to the torques. 
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CHAPTER 5 
Conclusions and Recommendations for Further Research 
5.1 Conclusions 
An anti-tilting outdoor mobile robot, ATOM, intended for uneven terrain, was 
studied here. A design feature, namely, the use of spherical wheels, is pointed out, as 
it provides a simple solution to the non-slipping motion problem of wheeled robots 
on uneven ground, besides the anti-tilting property. 
In Chapter 2 we formulated the mathematical model of ATOM rolling on un-
even terrain by means of the NOC. We used the Euler-Rodrigues parameters to 
represent body-orientation in space because of their invariance, and hence, robut-
ness. The geometry of the terrain entered the dynamics via the normal vectors at 
the wheel-ground contact points and their time rates-of-change. Moreover, we de-
rived constraints on the terrain curvature in terms of the robot geometric parameters 
to ensure pure-rolling motion. We studied also the particular case of motion on an 
inclined plane and derived its associated state-space model. 
In Chapter 3 we undertook a rigorous study of the nonlinear controllability of 
MWP-class robots moving on an inclined plane. To that end, we considered first 
the linearization of the system around equilibrium points and showed that the con-
trollability matrix is rank-deficient, which prevents us from using a linear model in 
arder to control the posture of this class of robots. Afterward, we constructed the 
parametric controllability Lie algebra. We showed that MWP-class robots: (i) are 
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locally accessible from any point on an inclined plane, (ii) are small-time locally con-
trollable from equilibrium points and (iii) have a dimension of their largest feedback 
linearizable subsystem equal to four. 
In Chapter 4 we started by pointing out the challenging problem of MWP-class 
robots, which is the stabilization of the central body. We proved that such stabi-
lization must be achieved simultaneously with robot-motion control; otherwise, the 
system will exhibit an unstable zero-dynamics, which manifests itself by either un-
damped oscillations or spinning of the central body. Then, we proposed two multi-
loop feedback structures for: . (i) velocity-and-orientation and (ii) posture-control. 
The inner loop took care of the stabilization of the central body and the control of 
the steering rate (or the robot orientation in the case of the velo city and orientation 
controller), using input-output linearization. The intermediate loop was responsible 
for controlling the heading velocity of the robot via the inclination of the central 
body, by exploiting an intrinsic dynamic property of the system that we referred 
to as its natural behaviour. The choice of the generalized coordinates, namely, the 
Euler-Rodrigues parameters and a specific form of the first output function of the 
inner loop ensured a linear dependence between the heading acceleration of the robot 
and the inclination of the central body. This feature renders the control global, with-
out resorting to any linearization, thereby allowing for the use of a linear controller. 
The outer loop ensured the position and orientation control of the robot, based on 
the sliding-mode control and the use of a Lyapunov function for navigation. Finally, 
we showed that the use of sliding-mode and linear controllers rend ers the system less 
sensitive to errors in the estimation of the robot parameters and terrain geometry. 
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5.2 Avenues for Further Research 
In the area of design it is meaningful to suggest building a prototype of ATOM 
with two spherical wheels, including the instrumentation, needed to achieve posture 
control while stabilizing the central body. 
As for the modelling, in the work reported here both the robot and the terrain 
were modelled as rigid bodies. Tire compliance and soft soil should be included in 
the model. 
From the control point of view, it would be useful to design controllers for 
trajectory-tracking. 
Additionally, a topic for further research is to generalize the control approach pro-
posed here to other dynamical systems with similar properties of the zero-dynamics. 
Specifically, a general approach to characterize the natural behaviour of such system 
will be needed. 
The control of a MWP-class robot moving on uneven terrain, using as a first-step 
the results obtained for the motion on an inclined plane, should be investigated. 
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APPENDIX A 
This Appendix is included here for completeness, as it includes the background 
work that led to the results reported in the body of the thesis. 
We report here on the modelling of a two-wheeled planar robotic bicycle moving 
on an uneven, smooth road profile. The robot is composed of three rigid bodies: 
two disk wheels linked by a frame, aH of them lying in a vertical plane, as shown 
in Fig. A-l. The wheels are denoted bodies 1 and 2, while the frame, modelled as 
a rod, is labelled body 3. The system input is the torque applied to wheel 1. The 
symbols used for the robot modelling are summarized in Table A-1. 
The system is considered to be unilaterally constrained by the environment; 
Figure A-1: The 2D robot 
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b Distance between the wheel centres 
Ci Position vector of the centre of mass Ci of the ith body 
1 Two-dimensional unit vector along the line of wheel centres, directed 
from Cl to C2 
mf Mass of the frame 
mw Mass of each wheel 
ni Unit vector normal to the road profile and the i th wheel at the contact 
point Pi 
Pi Position vector of the contact point Pi of the ith wheel with the road profile 
rw Radius of each wheel 
VPi Tangential component of the velo city of Pi 
Œi Orientation of the unit normal vector ni with respect to the y axis 
<P Absolute angular displacement of the frame 
Bi3 Relative angular displacement of the i th wheel with respect to the frame 
Wi Angular velo city of the i th body in the inertial frame Fo 
Table A-1: LIst of Symbols 
therefore: slipping or contact-loss with the ground can occasionally occur. This 
leads to a system with a time-varying topology. In fact, nine distinct topologies are 
distinguished and accounted for in the model, that describes aIl the possible motion 
modes of the system: pure-rolling; slipping; and separation of one or both wheels 
from the ground. The terrain geometry is assumed known and enters the dynamics 
model explicitly via the wheel-ground contact angles. Moreover, the model includes 
necessary conditions for the switching between the different topologies to occur. 
A.1 Possible System Topologies 
Three distinct phases are defined, depending on the wheel-ground contact, namely, 
the stance phase (SP), where both wheels are in contact with the ground; the flight 
phase (FP), where one wheelloses contact; and, the full-flight phase (FFP) , where 
both wheels separate from the ground. Moreover, the contact of a wheel with the 
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ground can happen under pure-rolling or slipping1 conditions, making the contact 
constraint a one- or two-degree-of-freedom (dof) joint. Altogether, nine topologies 
are distinguished, as depicted in Fig. A-2. 
In order to determine the number of independent velocities of the robot, we 
apply the Chebyshev-Grübler-Kutzbach formula for planar systems (Norton, 1998): 
where L is the number of independent rates of the system, l the number of links, JI the 
number of full joints, or single-degree-of-freedom (dof) joints, and J2 the number of 
two-dof joints. Table A-2 describes the ni ne topologies with their associated vector 
of independent velocities. 
Figure Topology Description v 
Label 
a SP-R1R2 Rolling on wheels 1 and 2 ()13 
b SP-S1R2 Slipping on wheel 1 and rolling on wheel 2 ()13, Vpl 
c SP-R1S2 Rolling on wheel 1 and slipping on wheel 2 ()13, VP2 
d SP-S1S2 Slipping on wheels 1 and 2 ()13, VPl, Vp2 
e FP-R1 Rolling on wheel 1 and separation on wheel 2 ()13, <P, ()23 
f FP-S1 Slipping on wheel 1 and separation on wheel 2 B13 , <P, ()23, VPl 
g FP-R2 Separation on wheel 1 and rolling on wheel 2 ()13, <P, ()23 
h FP-S2 Separation on wheel 1 and slipping on wheel 2 B13 , <P, B23 , VP2 
l FFP Separation on wheels 1 and 2 BI3 , <p, ()23, Cl 
Table A-2: Topologies and correspondmg vector of mdependent rates 
1 We mean by slipping here the wheel rolling and slipping simultaneously, the 
'pure slipping' case thus becoming a particular case of slipping 
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Figure A-2: Various topologies of the robot in planar motion 
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A.2 Robot Modelling 
A.2.1 Computation of the Twists of the Three Rigid Bodies 
Sinee the motion is planar, the twist t i of the ith body reduces ta the three-
dimensional veetor given by 
ti ~ [ Wi cf r 
In addition, a 2 x 2 matrix E is used ta represent the veetor produet in two dimensions 
(Angeles, 2007), namely, 
The absolutè angular displacement of the frame being given by cp, while the relative 
angular displacements of the wheels are fh3 and (}23, respeetively, it beeomes a simple 
matter ta derive the angular velocities of bodies 1, 2 and 3 as 
(A. la) . 
(A. lb) 
(A.1e) 
The velocity of C3 , the centre of mass of body 3, ean be expressed in terms of the 
velocities of Cl and C2 , respeetively, namely, 
ë3 = ë l + (b/2)w3 E1 
ë3 = ë2 - (b/2)W3 El 
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(A.2a) 
(A.2b) 
Moreover, the velocity of Ci, the centre of mass of the ith wheel, when in contact 
with the ground at point Pi, is given by: 
(A.3) 
where Pi denotes the velocity of Pi, namely, 
(A.4) 
and VPi vanishes under pure-rolling contact. 
Furthermore, the frame being rigid, the projections of ë i , for i = 1,2,3, onto the line 
of wheel centres are equal, thus leading to 
(A.5) 
A.2.2 Computation of the Twist-Shaping Matrices 
The twist-shaping matrices produce the twists of an the rigid bodies of the robot 
as the images of v, the vector of independent velocities, whose dimension varies from 
1 to 5, depending on the topology, as per Table A.2. The twist t of the robot is 
defined as 
t = [ tf tj tj r 
where t i denotes the robot twist of the i th body, the twist-shaping matrix associated 
with a given topology thus becoming a 9 x n array, su ch that: 
t =Tv (A.6) 
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Below we study each of the nine topologies: (a) SP-R1R2 
For this topology both wheels undergo pure-rolling motion, eq. (A.3) thus reducing 
to 
Substituting eqs. (A.l.a-c) and (A.7.a & b) into (A.5) yields 
where h is a unit vector given by 
Subtracting eq. (A.2.b) from eq. (A.2.a) leads to 
Substituting eqs. (A.l.a-c) and (A.7.a & b) into eq. (A.9) yields, in turn, 
Solving for ~ and ih3 from eqs. (A.8) and (A.IO), we obtain 
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(A.7a) 
(A.7b) 
(A.8) 
(A.9) 
(A.lO) 
(A.11) 
where 
Henee, the twist-shaping matrix Ta for the SP-R1R2 topology becomes 
(b) SP-S1R2 
When slipping occurs on wheel 1, the velo city of Cl becomes 
while C2 remains unchanged. 
Equations (A.8) and (A.lO) are in, turn, 
h (nI - n2) cP + h n2823 = h nI 813 + (l/rw)Vpl T . T' T [. ] 
[EnI - En2 - (b/rw)h] ~ + En2 é23 = EnI [é13 + (l/rW )vPl] 
(A.12a) 
(A.12b) 
Solving for ~ and é23 from eqs. (a.12) leads to the twist-shaping matrix Tb, namely, 
138 
where 
(c) SP-R1S2 
Slipping on wheel 2 leads to 
while Cl remains as in eq. (A.7). 
Equations (A.8) and (A.10) become 
hT (nI - n2) ~ + hT n2 è23 = hT nI è13 - (l/rw)hT n2vP2 
[EnI - En2 - (b/rw)h] ~ + En2è23 = Enl èl3 - (1/rw)En2vP2 
the twist-shaping matrix Tc becoming in turn, 
where Cc is the nine-dimensional zero vector, except for his fourth entry, which is 
l/rw. 
(d) SP-S1S2 
It is a simple matter to show that T d , the twist-shaping matrix associated with this 
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topology, is given by 
T d = [ Ta Cb Cc] 
(e) FP-Rl 
Since wheel 2 is separated from the ground, the velocities of C2 and C3 are derived 
from Cl as 
C2 = Cl + bW3EI 
C3 = Cl + (b/2)w3EI 
and Cl, under pure-rolling, remains as in eq. (A.7). As for the angular velocities, they 
are obtained directly from eqs. (A.1), since v, the vector of independent velocities, 
is now 
v = [813 ~ 823 r 
Therefore, the twist-shaping matrix becomes 
-1 1 0 
-rwEnl rwEnl O2 
0 1 -1 
T e = 
-rwEnl rwEnl + bEl O2 
0 1 0 
-rwEnl rwEnl + (b/2)EI O2 
(f) FP-Sl 
This topology differs from FP-Rl in that wheel 1 is slipping, which means that the 
term -VPIEnl. must be added to the velocities of the the centre of mass of the three 
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rigid bodies, thereby leading to the twist-shaping matrix Tf as 
where 
Cf = [ 0 nfE 0 nfE 0 nfE r 
(g) FP-R2 
The reasoning is similar to the one adopted for FP-Rl, except that the velocities of 
Cl and C3 are derived here from <:2 as 
Cl = C2 - bW3E1 
C3 = C2 - (b/2)W3 El 
The twist-shaping matrix Tg is given by 
-1 1 o 
O2 rwEn2 - bEl 
0 1 -1 
T g = 
O2 rw En2 
0 1 o 
O2 rwEn2 - (b/2)EI -rwEn2 
(h) FP-S2 
Similar to FP-Sl the term -VP2En2 must be added to the velocities of the centre 
of mass of the three rigid bodies, which leads to 
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where 
Ch ~ [ 0 nrE 0 nrE 0 nrE r 
(i) FFP 
For this topology the velo city of Cl enters into v, the vector of independent velocities, 
thereby leading to the twist-shaping matrix Ti, namely, 
-1 1 0 oT 2 
0 0 0 12 
0 1 -1 Or 
T i = 
0 bEl 0 12 
0 1 0 oT 2 
0 (bj2)EI 0 12 
A.2.3 Dynamics 
The dynamics model is derived using the natural orthogonal complement (NOC) 
for the pure-rolling topologies and the Newton-Euler equations for the ,slipping 
topologies. 
The Newton-Euler equations written for each of the three bodies lead to a sys-
tem of nine independent equations with nine unknowns. For given torque-histories, 
the unknown variables are the n accelerations, corresponding to the n dof of a given 
topology and the (9-n) constraint forces. The application of the NOC allows one to 
eliminate these (9 - n) unknown forces, as they are non-working under pure rolling 
conditions. In this way, n equations remain in n unknowns, which are the gener-
alized accelerations of the system. When slipping occurs at one wheel, the friction 
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force must be treated as a working force. The application of the NOe then leads 
to an underdetermined system of n equations with (n + 1) unknowns, which cannot 
be solved uniquely with respect to the accelerations. For slipping topologies, the 
N ewton-Euler formulation is then used. 
The wrench of the i th body, in planar motion, is defined as a three-dimensional 
vector, i.e., 
Wi = [ ni f{ r 
where ni and fi stand for the moment and the force acting on the i th body, respec-
tively, the force being applied at the mass centre Ci. The wrenches exerted on each 
body are listed below. 
The wrenches exerted on the two wheels are: 
• the normal reaction wrenches exerted by the ground: wf at Pl and w!J at P2 ; 
• the tangential friction wrenches exerted by the ground: wf at Pl and wf at 
P2 ; 
• the constraint wrenches exerted by the frame: wf at Cl and wf at C2 ; 
• the gravit y wrenches: wf at Cl and wf at C2 ; and 
• the actuation wrench wt exerted by the mot or on wheel 1 at Cl' 
The wrenches exerted on the frame are: 
• the constraint wrench -wf exerted by wheel 1 at Cl; 
• the constraint wrench -wf exerted by wheel 2 at C2 and 
• the gravit y wrench wr at C3 . 
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By application of the NOC, the dynamics model for the pure-rolling topologies is 
given by 
Iv = -Cv + 7" + 'Y (A.13) 
where 1 is the n x n generalized inertia matrix, C is the n x n matrix coefficient 
of the Coriolis and centrifugaI force terms, and the n-dimensional vectors 7" and 'Y 
represent the generalized active and gravit y forces, respectively. 
For the slipping topologies the Newton-Euler equations for the i th body are given 
in three-dimensional form as 
i = 1,2,3 
where wf and w:["w represent the working and non-working wrenches acting on the 
ith body, respectively. 
Thus, the who le system is described by 
Mt=wW +wNW (A.14) 
Upon differentiating both sides of eq.(A.6) with respect to time we obtain 
t = Tv+Tv 
Substituting the foregoing expression into eq.(A.14) yields: 
w NW _ MTv = MTv - W W (A.15) 
where the ni ne unknowns comprising the constraint forces and the accelerations 
appear on the left-hand side of eq.(A.15), while the known variables appear only on 
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the right-hand side. 
The magnitudes of the friction and the normal reaction forces exerted by the 
ground on the slipping wheel are related by 
IFI = /lN 
where /l stands for the coefficient of friction. The friction force is exerted in the 
opposite direction to p, the velo city of the contact point P. 
The full details on the derivation of the dynamics for the nine topologies are 
available in (N asrallah et al., 2004a; b ). 
A.2.4 Conditions for Topology-Switching 
Detection of Separation from the Ground 
A wheel i, i = 1,2, remains in contact with the ground as long as 
(A.16) 
where Ni is the normal reaction force exerted by the ground on wheel i. When 
relation (A.16) fails to hold, separation from the ground occurs at wheel i. 
Detection of Impact with the Ground 
The pitch curve C of a given curve P is defined as the locus of points lying at the 
same distance from the corresponding point on P (Gibson, 2001). This distance is 
the radius r w of the wheel in the case of the road profile. Impact of one wheel with 
the ground is detected at the instant at which the centre of the wheel first touches 
the pitch curve. 
For brevity, the study reported here is restricted to two types of impact: 
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• perfectly plastic impact: e = 0 
• perfectly elastic impact: e = 1 
where e is the well-known coefficient of restitution. 
Detection of Slipping 
Pure-rolling of the i th wheel occurs as long as 
(A.17) 
where Fi and Ni are the friction and the normal reaction forces exerted by the ground 
on wheel i, respectively, and f.-l is the coefficient of friction. Thus, at the first instant 
at which eq.(A.ll) is violated, slipping starts on wheel i. 
Condition for Non-Slipping 
The ending of slipping at wheel i is detected when the velo city of the contact point 
Pi at this wheel with the ground becomes zero. Thus, rolling begins at wheel i when 
VPi = 0 
thereby completing the mathematical model of aH nine topologies. 
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APPENDIX B 
This appendix is included here to show the conditions under which the inertia 
matrices of a rigid body at a point and at the centre of mass share the same principal 
axes of inertia. The proof is taken from the Solutions Manual of (Angeles, 2007). 
We start by recalling the Theorem of Parallel Axes, 
(B.1) 
where p is the vector directed from C to P, which are a distance d apart, with C 
denoting the centre of mass of the body in question. If e is an eigenvector of I p and 
le, then p = de, and 
Ipe = Âpe, Ice = Âce 
Multiplying eq. (B.1) bye from the right, we can write 
Multiplying the above equation byeT from the left, we der ive 
which shows that the two principal moments of inertia about PC are identical. Fur-
thermore, if the remaining principal directions, X p and Zp, are parallel, respectively, 
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to Xc and Ze, the corresponding principal moments of inertia being labelled /-lP, Vp 
and /-le and Ve, respectively, then we have, additionally, 
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APPENDIX C 
This appendix is included here to give details on the computation of the inversion 
of the generalized inertia matrix. 
We recall first the robot dynamics model given in eq. (2.28): 
I(q)v = -C(q, v)v + r(q) + -y(q) (C.1) 
where I( q) denotes the 3 x 3 generalized inertia matrix, namely, 
la + le symm 
1 = h - le la + le (C.2) 
le - If le - If 2Ie + Id - 4If 
with h for i = a, ... , J, defined in eq. (2.37), while v is the vector of independent 
velocities, defined as [ë13 ë23 W3l]T. 
For ease of display we introduce b = [b1 b2 b3 V to denote the right-hand 
side of eq. (B.1), namely, 
b = -C(q, v)v + r(q) + -y(q) 
By noticing that the first two diagonal entries of 1 are equal, and the first two 
entries of the third row (or the third column) are equal as weIl, it will prove use fuI 
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to multiply both sides of eq. (B.l) by the matrix A given below 
1 -1 0 
A= 1 1 0 
0 0 1 
thereby leading to 
la - h + 2Ie -(la - h + 2Ie) 0 e13 b1 - b2 
Ia+h Ia+h 2(le - If) e23 b1 + b2 
le - If le - If 2Ie + Id - 4If W31 b3 
The first row allows the computation of ë13 - ë23 , namely, 
while the last two rows allow the computation of ë13 + ë23 and W31, namely, 
Finally, knowing the sum and difference of the two unknown accelerations ë13 
and ë23 provides the solution for each individually. 
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